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Abstract. We show that for every spherical category C with invertible di- 
mension, the Turaev-Viro TQFT admits a splitting into blocks which come 
from an HQFT, called the Turaev-Viro HQFT. The Turaev-Viro HQFT has 
the classifying space BFc as target space, where Fc is a group obtained from 
the category C. This construction gives a reformulation of the Turaev-Viro 
TQFT in terms of HQFT. Furthermore the Turaev-Viro HQFT is an exten- 
sion of the homotopical Turaev- Viro invariant which splits the Turaev-Viro 
invariant. An application of this result is a description of the homological 
twisted version of the Turaev-Viro invariant in terms of HQFT. 



1. Introduction 

In the early 90 's, a new quantum invariant of 3-manifolds was introduced : the 
Turaev-Viro invariant [16]. The original construction involves a quantum group at 
a root of unity. Barrett and Westburry [l] generalized the construction to spherical 
categories with invertible dimension in a field k. A spherical category is a semisim- 
ple sovereign category over a commutative ring k such that the left and right traces 
coincide. The dimension of a spherical category is the sum of squares of dimensions 
of simple objects. The construction of the Turaev-Viro invariant consists in repre- 
senting the 3-manifold by a triangulation, coloring the edges with simple objects of 
the spherical category and then assigning a 6j-symbol to each colored tetrahedron. 

In [Hj, Turaev showed that the Turaev-Viro invariant extends to a TQFT. In 
dimension 2+1, a TQFT assigns to every closed surface a finite dimensional vector 
space and to every three dimensional cobordism a linear map. More precisely, in 
dimension 2+1 a TQFT is a symmetric functor from the category of cobordisms 
of dimension 2+1 to the category of finite dimensional vector spaces. It can be 
interesting to extend the notion of TQFT to cobordisms and surfaces endowed with 
additional data. For instance, Blanchet, Habegger, Masbaum and Vogel [2] have 
showed that the Kauffman bracket extends to a TQFT for surfaces and cobordisms 
endowed with pi-structures. In 2000, Turaev [H] defined a notion of TQFT for 
surfaces and cobordisms endowed with homotopy classes of continuous map to a 
target space X, called HQFT {Homotopical Quantum Field Theory). Turaev showed 
that a modular G-category, with G an abelian group, gives rise to an HQFT with 
target space the Eilenberg-Maclane space K{G,l). This HQFT is obtained from 
an invariant of the pair (M, ^), with M a 3-manifold and ^ G H^{M,G), which 
splits the Reshetikhin- Turaev invariant. Turaev described this HQFT in terms of 
other TQFT. The resulting HQFT splits as a product of a standard TQFT and a 
homological TQFT. 

In the same spirit as the work of Turaev and Le [8] and [T4] , we want to describe 
the Turaev-Viro TQFT in terms of other TQFTs and/or TQFTs with additional 
data. To fulfill this objective we will define an homotopical invariant called the 
homotopical Turaev-Viro invariant. This invariant will extend to an HQFT called 
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the Turaev-Viro HQFT. In opposition to the work of Turaev [14], we show that 
the Turaev-Viro TQFT comes from the Turaev-Viro HQFT. Roughly speaking, we 
obtain a decomposition of the Turaev-Viro invariant into blocks which come from 
the Turaev-Viro HQFT. 

The Turaev-Viro invariant of a closed 3-manifold M is a state-sum indexed by 
the colorings of a triangulation of M. The colorings of a triangulation T are maps 
from the set of oriented 1-simplexes to the set of scalar objects (up to isomorphism) 
of a spherical category C. The set of colorings of a triangulation T is denoted Col{T) . 
The Turaev-Viro invariant is : 

TVciM) ^ A~''o^^'> ^ WcWcek, 

ceCol{T) 

where Ac is the dimension of the category, no (T) is the number of 0-simplexes of 
T, wc is a scalar obtained from the coloring of the 1-simplexes and the trace of the 
category and Wc is a scalar obtained from the 6j-symbols of the category. This 
invariant can be defined for 3-manifolds with boundary, in which case the Turaev- 
Viro invariant is a vector. Let M be a 3-manifold with boundary E and Tq be a 
triangulation of E, the Turaev-Viro invariant is obtained from the following vector : 

TVc{M,Co)=A-^oiT)+noiTo)/2 ^ n^^Wc € Vc{E,To, Co) , 

c&CoIcq{T) 

where Col{T)co is the set of colorings of T such that the restriction to Tq is the 
coloring cq and Vc{'S,cq,To) is a vector space associated to the triple {M,co,Tq). 
The Turaev-Viro invariant is 

TVc{M)= Yl TVciM,co). 

c<£CoI{Tq) 

To study the Turaev-Viro invariant and the TQFT obtained from it, we will 
assign to each spherical category C a group Tc , which comes from a universal grad- 
uation of the category. The group is called the graduator of C. To understand 
this group, the simplest case is the case of group categories. If C is a group category 
then Tc is the group of isomorphism classes of scalar objects. A group category is 
a semisimple tensor k-category such that for every scalar object X there exists an 
object Y such that X (SiY = 1 = Y (giX , with 1 the neutral element for the monoidal 
structure. For every spherical categories C, we will use the group Tq to defined an 
homotopical invariant HTVc- This homotopical invariant will split the Turaev-Viro 
invariant. More precisely, we observe that every coloring c of a triangulation T of 
a closed 3-manifold M leads to an homotopy class Xc G [M, BVc] , where BVc is the 
classifying space of the group Vq and [M, BTq] is the set of homotopy classes of 
continuous map from M to BTc- These remarks lead to the following homotopical 
invariant of closed 3-manifolds : 

HTVciM, x) = A^"o'^^ ^ WcWc , 

ceCol{T) 
xc=x 

where x e \M,BVc\. The invariant HTVc is the homotopical Turaev-Viro invariant. 
We define this invariant for manifolds with boundary. Roughly speaking, for every 
3-manifold M with boundary E endowed with a triangulation Tq and for every 
coloring cq of Tq, we associate an homotopy class Xcq G [E,i3rc] and from every 
coloring c G CoIcq{T), we associate an homotopy class Xc G [M, Br^] such that xj^ 
the homotopy class of the restriction of xc to E is Xcq ■ These remarks lead to the 
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boundary version of the homotopical Turaev-Viro invariant : 

HTVciM, co,x) = A-"o(^)+"o(^o)/2 Yl ^^W-- ' 

ceColcQ{T) 
xc=x 

for every x € [M,BTc\ such that the homotopy of its restriction to S is Xcq. 
The homotopical Turaev-Viro invariant spUts the Turaev-Viro invariant : 

Theorem I4.6L Let M be a 3-manifold, E be the boundary of M and Tq be a 
triangulation of E. For every coloring cq G Col{To), we have : 

rVc(M,co)= Y. HTVciM, CO, x)eVc{^,To,co) 

xGlM,Brc] 

and HTVc{M,cq,x) an invariant of the triple {M,cq,x). If the 3-manifold M is 
closed, we obtain : 

TVc{M)= J2 HTVciM, x). 

xe[M,Brc] 

We prove that the homotopical Turaev-Viro invariant extends to an HQFT He 
with target space the classifying space BTc- The HQFT He is called the Turaev- 
Viro HQFT. The Turaev-Viro HQFT and the splitting given in Theorem 14.61 leads 
to the main result of this article : 

Theorem I6.6L Let C be a spherical category. The Turaev-Viro TQFT Vc is ob- 
tained from the Turaev-Viro HQFT He ■ 

Vc(E)= He{^,x) 

for every closed surface E. 

In the case of group categories defined for an abehan group this splitting is 
maximal in a sense that every block obtained from the above splitting is a one 
dimensional vector space : 

Proposition l6.5l Let G an abelian group, a e H^{G,k*), Ca,a be a group category, 
(? be a positive integer and Eg be a closed surface of genus g, we have : 

xe[T.g,BG] 

with Hcq ^ (Sg , a;) = k for every x e [Eg , BG] . 

An application of this work is a description of the homological twisted Turaev- 
Viro invariant, defined by Yetter [17] in terms of HQFT. The homological twisted 
Turaev-Viro invariant is an invariant for the pair (M, a) , with M a 3-manifold 
and a £ Hi (M, A) , where A is the group of monoidal automorphisms of the identity 
functor le ■ The homological twisted Turaev-Viro invariant is given by the formula : 
Ye{M,a)=A'^o(T) J2 ia:c)Wc, 
ceCol{T) 

where {a : c) is defined as follow : we represent a by a map b from the set of oriented 
edges of T to ^ and we set : 

(a : c) = Yl Ke)c(e) 

eeTl 

In the original paper of Yetter [17], this invariant was defined for a semisimple 
braided k-tensor category. We extend the construction to spherical categories and 
we prove that the invariant Ye comes from an HQFT. 
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Theorem 17. 2L Let C be a spherical category, M be a 3-manifold. For every h e 
Hi{M,Aut,^{lc)), we have : 

Yc{M,h)= J2 {h.x)HTVciM,x), 
xe[M:BrQ] 

with [h: x) = °!'^(c(e)), a a representative of h and c e Colx{T). 

eeTl 

The rest of the paper is organized as follows. In Section [21 we review several facts 
about monoidal categories and we define the universal graduation of semisimple 
tensor categories. Section [3] recalls the construction of the Turaev-Viro invariant. 
In Section m we define the homotopical Turaev-Viro invariant and we prove that the 
homotopical Turaev-Viro invariant splits the Turaev-Viro invariant (Theorem I4.6p . 
In Section [H we compute the homotopical Turaev-Viro invariant for the sphere 
5^, the 3-torus x 5^ x 5^ and lens spaces. We compute for group categories 
and the quantum group Uq{s[2) with q a root of unity. In Section [6l we show that 
for every spherical category C the Turaev-Viro TQFT comes from an HQFT with 
target space the classifying space BVc (Theorem 16. 6p . The proof is in two steps. 
First, we show that the homotopical Turaev-Viro invariant splits the Turaev-Viro 
TQFT into blocks. Then we show that these blocks come from an HQFT. We show 
that the splitting obtained is maximal in the case of group categories defined for 
an abehan group (Proposition 16. 5p . We end this section with a computation of 
the HQFT for the torus x 5*^ in the case of the quantum group Uq{sl2) with q 
a root of unity. In section [7l we reformulate the homological twisted Turaev-Viro 
invariant in terms of HQFT. In Section [8l we give some values of the homotopical 
Turaev-Viro invariant for group categories. 

Notations and conventions. Throughout this paper, k will be a commutative, 
algebraically closed and characteristic zero field. Unless otherwise specified, cate- 
gories are assumed to be small and monoidal categories are assumed to be strict. 
We denote by Iq the unit object of monoidal category C. If there is no ambiguity 
on the choice of the category then we denote by 1 the unit object. 

If C is a monoidal category, we denote by Auti^{lc) the abelian group of monoidal 
automorphisms of the identity functor Iq ■ 

Throughout this paper, we use the following notation. For an oriented manifold 
M, we denote by M the same manifold with the opposite orientation. 

2. Categories 

In this section, we review a few general facts about categories with structure, 
which we use intensively throughout this text. 

Autonomous categories. Let C be a monoidal category. A duality of C is a data 
(X, y, e, ft), where X and Y are objects of C and e : X ®Y ^ 1 {evaluation) and 
h : 1 -^Y ® X (coevaluation) are morphisms of C, satisfying : 

{eiSiidx){idx 'Si h) ^ idx and (idy (g) e)(/i (g) idy) = idy . 

If {X,Y,e,h) is a duality, we say that {Y,e,h) is a right dual of X, and [X,e,h) is a 
left dual of Y . If a right or left dual of an object exists, it is unique up to unique 
isomorphism. 

A right autonomous (resp. left autonomous, resp. autonomous) category is a 
monoidal category for which every object admits a right dual (resp. a left dual, 
resp. both a left and a right dual). In the literature, autonomous categories are 
also called rigid categories. 
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If C has right duals, we may pick a right dual {X'^,ex,hx) for each object X. 
This defines a monoidal functor ?^ : — » C, where denotes the category with 
opposite composition and tensor products. This monoidal functor is called right 
dual functor. Notice that the actual choice is innocuous, in the sense that different 
choices of right duals define canonically isomorphic right dual functors. 

Similarly a choice of left duals C XjextVx) for each object X defines a monoidal 
functor ^? : —> C, called the left dual functor. 

In particular, the right dual functor leads to the double right dual functor : 
C — » C defined by X i-> X^^ and / i-> /^^, which is a monoidal functor. 

Sovereign categories. A sovereign structure on a right autonomous category C 
consists in the choice of a right dual for each object of C together with a monoidal 
isomorphism : 1^ ^?^^, where Ic is the identity functor of C. Two sovereign 
structures are equivalent if the corresponding monoidal isomorphisms coincide via 
the canonical identification of the double dual functors. 

A sovereign category is a right autonomous category endowed with an equivalence 
class of sovereign structures. 

Let C be a sovereign category, with chosen right duals (X^, ex, hx) and sovereign 
isomorphisms cl>x ■ X X^^. For each object X of C, we set : 

ex = e^v(idxv <8) (px) and rjx = {4>x^ (8) id^v)/ixv • 

Then {X'^ ,ex,Vx) is a left dual of X. Therefore C is autonomous. Moreover 
the right left functor ^? defined by this choice of left duals coincides with ?^ as a 
monoidal functor. From now on, for each sovereign category C we will make this 
choice of duals. 

The sovereign structures on a sovereign category are given by the group Aut<gi(lc). 

Proposition 2.1. Let C be a sovereign category and 4>o be the sovereign structure. 
The map 

is a bisection between the set of sovereign structures on C and the group Aut0{lc) 
of monoidal automorphisms of the functor identity Ic ■ 

The sovereign categories are an appropriate categorical setting for a good no- 
tion of trace. Let C be a sovereign category and X be an object of C. For each 
endomorphism / e Horn c{X,X), 

tr;(/) = ex(idxv ® f)hx £ Homc{l, 1) 
is the left trace of / and 

trr(/) ^ex{f(Sidxw)vx G Homc{l,l) 

is the right trace of /. We denote by dimr(X) = trr(idx) (resp. dimj(X) = tr;(idx)) 
the right dimension (resp. left dimension) of X. 

Tensor categories. By a k-linear category, we shall mean a category for which 
the set of morphisms are k-spaces, the composition is k-bilinear , there exists a null 
object and for every objects X, Y the direct sum X © F exists in C. 

A k-linear category is abelian if it admits finite direct sums, every morphism has 
a kernel and a cokernel, every monomorphism is the kernel of its cokernel, every 
epimorphism is the cokernel of its kernel, and every morphism is expressible as the 
composite of an epimorphism followed by a monomorphism. 

An object X of an abelian k-category C is scalar if Homc{X,X) = k. 
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A tensor category over k is an autonomous category endowed with a structure 
of k-linear abelian category such that the tensor product is k-biUnear and the unit 
object is a scalar object. 

A k-Hnear category is semisimple if : 

(i) every object of C is a finite direct sum of scalar objects, 

(ii) for every scalar objects X and Y, we have : X = Y or Homc{X,Y) = . 

A semisimple k-category is a semisimple abelian k-lincar category and every 
simple object is a scalar object. Notice that in a semisimple abehan k-category 
every scalar object is a simple object. By a finitely semisimple k-category we shall 
mean a semisimple k-category which has finitely many isomorphism classes of scalar 
objects. The set of isomorphism classes of scalar objects of an abelian k-category 
C is denoted by A^. 

Graduations. Let C be semisimple tensor k-category and G be a group. A G- 
graduation of C is a. map p : G — » Ac satisfying : 

• p{Z) = p{X)p{Y), for every scalar objects X,Y, Z such that Z is a subobject 

ofX(g)Y. 

A graduation of C is a pair {G,p), where G is group and p is a G-graduation of C. 
By induction, the multiplicity property of a graduation can be extended to n- 
terms. 

Proposition 2.2. Let C be a semisimple tensor k-category. There exists a gradua- 
tion (rc,|?|) of C satisfying the following universal property : for every graduation 
(G,p) ofC, there exists a unique group morphism f -.Tc ^ G such that the diagram : 

I?! 

Ac >rc 




commutes. 
Proof : 

To build Tc, we define an equivalence relation ~ on A^. Let X and Y be two 
scalar objects; A ~ F if and only if there exists a finite sequence of scalar objects 
Ti, Tn such that X and Y are subobjects of Ti (g) ... (8)Tn. This relation is reflexive 
and symmetric. Let us show that this relation is transitive. Let X, Y, Z be scalar 
objects such that X ^ Y and Y ~ Z. Thus there exists two tensor products of 
scalar objects A and B such that X and Y are subobjects of A, and Y and Z are 
subobjects of B. To prove the equivalence A ~ Z, we will show that A and B are 
subobjects of B (g) (g) A. Since 1 is a subobject of B (g) B^, it follows that A is a 
subobject of B (g) B^ (g) A. For every scalar object X, there exists a right dual X^ 
and a left dual ^A. Since the category C is semisimple tensor k-category, X^ and 
^A are isomorphic. It follows that : B = B(g)l^B(g)A^(g)A = B(g^A(gA and 
thus B is a subobject of B (g) B^ (g) A. 

We denote by Fc the quotient of Ac by ~ and by |?| : Ac Fc the canonical 
surjection. We deflne an internal law on Fc in the following way : if A, F are 
scalar objects of C and Z is a, scalar subobject of A (g) y, we set |A|.|y| = \Z\. This 
law is well deflned, associative and |1| is the neutral element. For every scalar 
object A, |A^| is the inverse of |A|, thus Fc is a group and by construction |?| is a 
Fc-graduation of C. 

Let us show the universal property of (Fc, |?|). Let {G,p) be a graduation of C, if 
the scalar objects A and Y equivalent for the relation ~ then there exists a tensor 
product of scalar objects A = Ti (g) ... (g Tn such that X and Y are subobjects of A. 
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Since p is a G-graduation, we have : p{X) = p{Y) — p{Ti)....p{Tn). Thus there exists 
a unique map f : Fc ^ G such that /|?| = p. For every scalar objects X,Y and 
for every scalar subobject Z oi X we have f{\X\)f{\Y\) = p{X)p{Y) = p{Z) = 
f{\Z\) = /(|X||y|), thus / is a group morphism. 

□ 

Let C be a semisimple tensor k-category, the group which defines the universal 
graduation (Fd?!) is called the graduator ofC. 

Proposition 2.3. LetC he a semisimple tens or k-category. There exists a canonical 
isomorphism between Aut(g,{lc) and the group of group morphisms from Tc to k* . 

Proof : Let G Aut(g,{lc), for every scalar object X, we have 4>x = ex'idx, with 
ex G k*. Since <^ is a monoidal morphism, we have for every scalar objects X,Y, 
4>x®Y ~ 4'x®4'Y- It follows that e is a k*-graduation of C. Conversely, let p be a k*- 
graduation of C. Since C is a semisimple tensor k-category, (jix = p{X)lAx, for every 
scalar object X, defines a natural isomorphism : l^. Moreover, we have 

'l>X(»Y = (px for every scalar objects X,Y, thus (p is a monoidal isomorphism. 
Using the universal property of the group we can conclude. 

□ 

It follows that the graduator Fg of a sovereign category C describes the sovereign 
structures of this category. 

Examples. 

Group categories. Let C be a monoidal category. An object X of C is invertible if 
there exists an object Y of C {inverse of X) such that X igiY ^ l^FoX. Notice 
that in a right autonomous category if Y is the inverse of X then Y is isomorphic 
to X^. The group of invertible elements of C is called the Picard group ofC. 

A group category is a semisimple tensor k-category such that every scalar object 
is invertible. The following theorem gives a classification of group categories : 

Theorem 2.4 (section 7.5 [3]). The datum of a group category is equivalent to the 
data of a finite group G and a cohomology class a G H^{G,k*). 

More precisely, up to monoidal equivalence a group category C is the category 
of Ag-graded finite dimensional vector spaces. Morphisms are linear maps which 
preserve the grading and the associativity constraint is given by an element of the 
cohomology group H^{Ac,k*). From now on, the group category defined by the 
group G and the cohomological class a G H^(G,k*) will be denoted Cca- 

Let Cc,a be a group category, the tensor product of two scalar objects is a scalar 
object, thus two scalar objects of C are equivalent for the equivalence relation ~ if 
and only if they are isomorphic. It follows : F^^ ^ = A^^ a ~ 

Uq{sl2), with q generic. Let g be a complex parameter which is not a root of unity. 
The scalar objects of the category of the representations of Uq{s\.2) are given by the 
positive integers {0, 1, 2, i, ...}, where i denotes the unique (up to isomorphism) 
scalar of dimension i+ 1 (e.g. [3], [T])- The tensor product of scalar objects is given 
by the Clebsch-Gordan formula (e.g. [5, [3 ) : 

(2.1) j ® j = i + j e i + j - 2 e ... e |i - j| . 

Thus for every fc G N, the objects 2k and are subobjects of the tensor product 
k®k and the objects 2fc + 1 and 1 are subobjects of the tensor product 2k + 1® 2k. 
Thus for every fc G N, we have : 2fc ~ and 2fc + 1 ~ 1, and it follows from the 
Clebsch-Gordan formula l|2.ip that and 1 cannot be subobjects of the same tensor 
product of scalar objects. It results : 'i'uq{s,\2) ^ ^2- 
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Uqish), with q root of unity. Let A be a 2r-th primitive root unity such that = q 
is a r-th primitive root of unity. The scalar objects of the category of the finite 
dimensional representations of f/q(s(2) are given by the integers {0, 1, ...,r — 2} (e.g. 
[3], [7], [13]), where i denotes the unique (up to isomorphism) scalar representation 
of dimension i + 1. In this category, the tensor product of scalar objects is given by 
the Clebsch-Gordan formula : 

i ® j = k, 

k 

(i,j,k) is admissible 

where an admissible triple {i,j,k) is the data of three positive integers i,j and k 
satisfying : 

• i^j + k, j<i + k and k < j + i , 

• i + j + k<2(r-2) , 

• i + j + k is even . 

Similarly to the generic case, we show that there are only two elements in Tu^f^^i^-^ : the 
equivalence class of and the equivalence class of 1. Thus the graduator is 

Z2. 

Spherical categories. A spherical category is a sovereign, finitely semisimple ten- 
sor k-category satisfying : 

• for every object X of C and for every morphism f : X ^ X : trr(/) = tr;(/). 

A spherical structure on C is a sovereign structure on C such that C is a spherical 
category. 

From now on, for every spherical category the left and right trace (resp. dimen- 
sion) will be denoted by tr (resp. dim). 

The dimension of a spherical category is the scalar : = ^ dim(X)^ e k. 

xeAc 

Proposition 2.5. Let C be a spherical category ; we denote by 4>q the spherical 
structure. The map 

is a bisection between the set of spherical structures of C and the group Aut^(lc) — 
{■tjj G Aut^{lc) I for every scalar object X, ipx = ±idx}. 

Proof. Let (^o and (j) be spherical structures, we denote by tir, tr;, dimr, dim; (resp. 
tr^, trj!, dim°, dim°) the right and left traces and the left and right dimensions defined 
by the spherical structure (j) (resp. (j>o). Let X be a scalar object of C, then : 
{<pQ^4')x = ^x'^(ix with Ax G k*, it follows : 

dim;(X) = e^v (id^v ® (px)hx 

= tr°(<;/>(7^<;/>x) 

= Xx diml'(X), 

and 

dimr(X) — ex{<t>x^ ® idxv)h-^\/ 

= tr°(0j(-Vox) 
= \x^ dimr{X), 

then we have : A^^dim°(X) = Axdim5!(X). The object X is a scalar object thus 
the right dimension is invertible, it follows : Xx = 1 • Thus we have built a map 
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from the set of spherical structures to the group Aut^{lc) : 
{spherical structures on C} Aut^{lc) 

(j> (^0 V- 

The map is injective. Let us show that this map is bijective. Let * G Aut^{lc) C 
Aut(g,{lc). According to the proposition I2.H we know that there exists a unique 
sovereign structure tp such that * = 4'o^'t'- The category C is a semisimple k- 
category, to show that is a spherical structure we must show that the left and 
right trace coincide for every endomorphism of scalar objects. It is equivalent to 
show that for every scalar object X, the right and left dimension of X are equals. 
Set dim; and dimr (resp. dim^ and dinir) the left and right dimension defined by 
the sovereign structure <l> (resp. the spherical structure (/iq) and tr", tr" are the left 
and right trace defined by (j)o : 

dim,(X) = e^v(id^v ® (f>x)hx 

= e_yv(id^v 4>ox't>Ox^<t>x)hx 

= tr"((?!)ox"^<?!'x) 

= tr"((?!)oxVx) 

= e-xi(l>x^(t>ox't'Ox^ 'Siidxv)hxv 
= ex(0x^ ® idx^ )hxv 
— dimr(X). 

The sixth equality come from the fact that for every scalar object X, we have the 
following relation : 4>q'J^4'x ~ ±idx = 4>x^4>ox- 

□ 

Proposition 2.6. Let C be a spherical category. There is a bijection between the 
set Aut^{lc) = {'5 G Aut^{lc) \ for every scalar objectX : ^x = ^idx} and the set 
of group morphisms from Tc to the group {±1}. 

Proof. The proof is the same as the proof of the proposition 12.31 □ 

3. TURAEV-ViRO INVARIANT 

In this section, we recall the construction of the Turaev-Viro invariant. Through- 
out this section C will be a spherical category 

An orientation of a n-simplex F is a map o : Num(F) {±1}, where Num{F) 
is the set of numberings of F, invariant under the action of the alternated group 

SIat+I C &N+1- 

Let r be an oriented simplicial complex, we denote the set of oriented p-simplexes 
by To . A coloring of T is a map c-.To^Aq satisfying : 

(i) c(xiX2) = c(x2Xi)'^ , for every oriented 1-simplex {xiX2), 

(ii) the unit object 1 is a subobject of c{xiX2) ® c{x2x^) ® c(a;3a;i) for every 
oriented 2-simplex {xiX2x-i). 

We denote by Col{T) the set of colorings of T . 

Let / be an oriented 2-simplex, c be a coloring of T and v = {xiX2x^) be a 
numbering of / compatible with the orientation of /. Set : 

Vc{f,c)v = Homc{l,c{xiX2) ® C{X2X^) (g) c{x^xi)) . 

The vector space Vc(/, c) does not depend on the choice of the numbering compat- 
ible with the orientation (e.g. [l], [5], [H]). From now on the vector space Vc(/, c)^, 
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with V = {X1X2X3), will be denoted by Vc(xiX2x^,c). If there is no ambiguity on the 
choice of the coloring c, then Vc{xiX2X'i,c) will be denoted by Vc{xiX2X3). 

Let us recall some properties of the vector space defined above. For every scalar 
objects X, Y and Z, we set : 

(3.1) ujc ■■ Homcil,X (g) Y (g) Z) (g)^ Homcil, Z"^ (g) Y"^ (g) Z'^ ) ^ k* 

f g> g ^ trif"^ g) . 

For every spherical category C, the bilinear form ljc is non degenerate (e.g. [1], [5], 
|15j). Let / be an oriented 2-simplex, we denote by / the 2-simplex / endowed with 
the opposite orientation. Let c be a coloring of /, the bihnear form l|3.ip induces : 

vc{f,cr = vc{7,c). 

In the construction of the Turaev-Viro invariant, we assign to every oriented 3- 
simplex a vector which lies in the vector space defined by the faces of the 3-simplex. 
The vector assigned to each 3-simplex is obtained by the 6j-symbols of the category. 
More precisely, let T be a triangulation of a 3-manifold M and c be a coloring of 
T. We associate to every oriented 3-simplex {X1X2X3X4) a vector ({xiX2X3X4),c) 
defined by the 6j-symbols of the category C : 

L'^{{xiX2X3X4),c) G Vc{{x2X3Xi),c) glk Vc{ixiXiX3),c) <glk VeiixiX2X4),c) <glk Vci{xiX3X2) 

if ixiX2X3X4) and M have the same orientation. 

L~{{xiX2X3Xi),c) G Vc{ix2XiX3),c) Vc{{xiX3Xi),c) ®k Vc{{xiXiX2),c) gik Vc((a;ia;2a;3) 
if (a;ia;2a;3a;4) and M have opposite orientations. 

Since the category C is spherical, the vector {{xiX2X3X4),c) (resp. {{x 1x2x3x4), 
does not depend on the choice of the numbering which respects the orientation of 

(a;ia;2a:32;4)- 

Let us explain the final step of the construction of the Turaev-Viro invariant. 
Let r be a triangulation of 3-manifold M. Every 2-simplex contained in the interior 
of M is the intersection of a unique pair of 3-simplexes (Fig. [1]) (e.g. [1], [5], |15)). 



1 




2 



Figure 1. 

We set a numbering of this pair of 3-simplexes. We can assume that the 3- 
simplex (0123) has the same orientation of the manifold M. Thus the 3-simplex 
(j012) (resp. (0il2)) has the same (resp. opposite) orientation of M. We obtain the 
following vectors : 

L+((0123), c) G Vc((123), c) ®k Vc((032), c) ®k l^c((013), c) ®k Vc((021), c) . 

L+((i012), c) G VciiOU), c) ®k Vcmi), c) ®k Vciim), c) g)^ Vfc((ilO), c) . 

We remark that the vector L+((0123),c) has a component in the vector space 
\^((021), c) and the vector L+((i012), c) has a component in the vector space Vc((012), c) 
Recall that the vector space Vc((021),c) is the dual vector space of Vc((012),c) for 
the pairing (|3.ip . For this pair of vectors, we can apply the pairing l|3.ip on the 
tensor product L+((0123), c) (g L+((i012), c) : 

lt((012),c)®lt((021),c)-*k 

fg)g^tr{fg). 
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If we consider the 3-simplex (i012) with the opposite orientation, then we obtain 
the following vector : 

L-((0il2), c) G Vc((i21), c) ®fc Vc((012), c) ®k Vc((021), c) ®k \/c((Oil), c) . 

We can do the same operation. Thus if two 3-simplexes have a common face, we 
can do this operation for the vector space assigned to the common face of the pair 
of 3-simplexes. Since every 2-simplex in the interior of a 3-manifold is the common 
face of a pair of 3-simplexes, for every coloring c of T this operation for every 3- 
simplexes of T leads to a scalar if the manifold M is without boundary or to a vector 
in Vcif, c) if the manifold M has a boundary dM. We denote this vector (or 

scalar) by Wc- 

We introduce some notations. Let E be an oriented closed surface endowed with 
a triangulation Tq. For every coloring cq of Tq , we set : Vc(E,To,co)= Vc{f,CQ) 

and Vb(S,To) = Vc{T,,To,c). Let M be 3-manifold with boundary E and 

cGCoi(To) 

T be a triangulation of M such that its restriction to E is Tq. For every coloring 
Co G Col{To), we denote by CoIcq{T) the set of colorings of T such that the restriction 
to To is Co. With this notation, for every coloring c G CoIcq{T), we have : Wc G 

1 /2 

Vc(S,ToiCo). Furthermore we choose a square root A^' of A^. 

For every scalar object X of C, we set dim(X)^/^ a square root of dim(X). The 
equalities dim{X)^/'^ = dim(X^)i/2 ^^^^ dim(X) = dim(X^) ensure independence of 
dim(c(e)), dim(c(e))^/^ of the choice of the orientation of e, for every coloring c. 

Theorem 3.1 (Turaev-Viro invariant [1], [5], [15], |16j ). Let C be a spherical 
category with an invertible dimension, M be a compact oriented 3-manifold and 
dM be the boundary of M endowed with a triangulation Tq. For every coloring 
Co G Col{To), we set : 

(3.2) 

TVc{M, Co) = A-"-o('r)+^oiTo)/2 ^ J] dim(co(e))i/" dim(c(e))We £ V(9M, cqTo) , 

where no{T) (resp. no(To)) is the number of 0-simplexes ofT (resp. Tq) and T^\Tq 
is the set of 1-simplexes of M\dM. For every coloring cq g CoI(Tq), the vector 
TVc(M, Co) is independent on the choice of the triangulation of M which extends 
Tq. The Turaev-Viro invariant is the vector : 

TVc (M) = {M, CQ)eVc {dM, Tq) . 

cq€CoI(Tq) 

From now on, for every coloring c G CoIcq{T) we denote by Wc the scalar 
n dim(co(e))l/2 Y[ dim(c(e)). 

There exists other normalization of the Turaev-Viro invariant. For every cobor- 
dism M such that dM — E+ U^-; with r+ (resp. r_) a triangulation of E+ (resp. 
E_), we can replace the scalar ^(^oiT+)+nQiT-))/2 ^nQ{T+) ^nQ(T^) ^^^^^ 

and Viro ([H], [IS]) use the scalar ^^"o'-^+'+"o'^-^-')/^ normalize the Turaev-Viro 
invariant. Notice that with this normalization, we don't have to choose a square 
root of Ac. The Turaev-Viro TQFTs obtained from these changes of normalization 
are the same (up to isomorphism). 
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4. HOMOTOPICAL TURAEV-ViRO INVARIANT 

4.1. Fundamental groupoi'd. We recall the definition of the fundamental groupoi'd 
and we set some notations. 

Let T be a simplicial complex. A path of T is a finite sequence VQVi...Vn of 0- 
simplexes of T in which each consecutive pair ViVi^i spans a 1-simplex of T. In 
particular a 0-simplex is a path. Let u be a 0-simplex of T, a loop based at v is a. 
path VQVi...vn such that vq — vn = v. We consider two paths to be equivalent if we 
can obtain one from the other by a finite number of operations of the following type 
: If three 0-simplexes u,v,w spans a 2-simplex, the path ...uvw... can be replaced 
by the path ...uw... , and vice-versa (Fig. [S]). If and w are 0-simplexes of T then 
the path ...vwv... can be replaced by the path ...v... and vice- versa (Fig. [3]). 




Figure 3. 

These moves define an equivalence relation over the set of paths, two paths are 
equivalents if and only if we can go between any of these two paths by a finite 
sequence of moves (Fig [2]) and/or (Fig. [3]). We will abusively use the notation 
v\...Vn for the equivalence class of the path vi...vn. 

Let T be a simplicial complex, the fundamental groupoid of T is the category 
with objects the 0-simplexes of T and morphisms the equivalence classes of paths. 
The composition is given by the concatenation of paths. For technical reason, we 
will consider the opposite category (morphisms are reversed), more precisely the 
composition of oriented 1-simplexes : 



will be written : {yz) o (xy) — {xy)(yz). We denote by 7ri(T) the fundamental 
groupoid of T. Let be a 0-simplex of T, we denote by ■ki{T,v) the category 
with one object v and whose morphisms are equivalence classes of ?;-loops. There 
is an equivalence of categories between the categories tti{T) (resp. 7ri(r, ■;;)) and 
the fundamental group of the topological space |r| obtained from T (resp. the 
fundamental group of the pointed topological space (\T\,v)). 

A connected simplicial complex is a simplicial complex T such that for every 
0-simplexes u and v there exists a path between u and v. 
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Lemma 4.1. Let T be a simpUcial complex and v be a 0-simplex ofT. There is an 
equivalence of categories between wilT) and ni{T,v). 

Proof : The inclusion functor : 

7ri(T,f) ^ 7ri(r) 

V h- » V 

VVi....VnV I— » VVi...VnV, 

is a faithful functor. Since T is connected, this functor is essentially surjective. 

□ 

4.2. Colorings. We give a topological interpretation of the set of colorings. Through- 
out this section C wih be a finitely semisimple tensor k-category and G will be a 
group. 

4.2.1. Description of the set of colorings in the case of manifolds without boundary. 
Let T be a simphcial complex. A G-coloring c of T is a map : 



c : ^ G 
e I— > c(e), 

satisfying : 

(i) for every oriented 1-simplex {xiX2) of T : c{xiX2) = c{x2Xi)^^ , 

(ii) for every oriented 2-simplex (a;ia;2a;3) of T : c{xiX2)c{x2X3)c{x3Xi) = 1 



We denote by ColaiT) the set of G-colorings. 

A gauge of T is a map 5 -.T^ ^ G. The gauge group of T is the group of gauges 
of T and is denoted by Gt- The gauge group Gt acts on ColaiT) in the fohowing 
way : 

(4.1) Gt X ColaiT) ^ ColaiT) 

iS,c) 1-^ c^, 

where is the coloring : c^ixy) = 5(a;)c(a;j/)5(j/)~^, for every oriented 1-simplex 
ixy). We denote by ColaiT) /Gt the quotient set of ColaiT) by the action of the 
gauge group Gt- 

Let c be a G-coloring of T, we denote by [c] the class of c in ColaiT) /Gt- For 
every group G, we denote by G the groupoid with one object and whose the set of 
morphisms is G. For easy reading, wc will consider the opposite groupoid, thus the 
composition of map g with / will be written fg. 

Proposition 4.2. Let T be a simplicial complex, C be a semisimple tensor k- 
category and G be a group. The map : 

ColaiT) FuniniiT),G) 
Fc, 

where Fc is the functor which sends every 0-simplex of T to the unique object of G 
and sends every oriented 1-simplex ixy) to cixy), induces the following isomorphism 

(4.2) ColGiT)/GT = Funi7viiT),G)/iiso) ^ [\T\, KiC,!)] , 

where [|Tj, if (G, 1)] is the set of homotopy classes of continuous maps from the 
topological space |T| to the Eilenberg-Mac Lane space /f(G, 1). 
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Proof : For every coloring c e CoIq{T), we define the following functor Fc : 
7ri(T) G, with Fc{x) = ★ for every 0-simplex x and Fc{xy) = c{xy) for every 
oriented 1-simplex {xy). The composition of morphisms is given by concatenation, 
it follows that : Fc{xiX2-.-Xn-iXn) — Fc{xiX2)---Fc{xn-iXn)- For every oriented 1- 
simplex {xy), we have c{xy) = c{yx)~^ and for every oriented 2-simplex [xyz), we 
have : c{xy)c(yz) = c{xz). It follows that Fc is well defined on the equivalent classes 
of paths and thus it is a functor from vri (T) to G. We have build the following map 

(4.3) -.ColGiT) ^ Fun{-Ki{T),G) 

Fc, 

Let us show that this map is bijective. If two colorings c and c' define the same 
functor then for every oriented 1-simplex {xy) of T, we have : c{xy) = Fc(xy) — 
F^i{xy) = c'{xy). Let F be a functor from tvi{T) to G. For every oriented 1- 
simplex (xy) of T, we set : c{xy) = F{xy). For every oriented 2-simplex (xyz) of 
T, we have : F{xy)F{yz) = F(a;z) and for every oriented 1-simplex (xy) we have 
F{xy)F{yx) = F(a;a;) = id*, thus c £ CoIg{T). 

Let us show that the bijection (|4.3p induces a bijection from CoIq(T)/Qt to 
Fun(7ri(T), G)/(iso). Let c and c' be two G-colorings of T such that c' = c"^ with 
J € we set F = tp{c) and = *(c'). For every object a; of iti{T), we set 

= 5(2:) : -F'(a::) F{x). Let us show that is a natural isomorphism between F 
and F'. It suffices to check out for every oriented 1-simplex. For every oriented 
1-simplex (xy) of T, we have : 

F'{xy)rfy = c{xy)5{y) 
= S{x)c{xy) 
= VxF{xy) . 

Thus * induces a bijection from CoIg[T)/Qt to Fiin(7ri(T), G)/(iso). 

□ 

4.2.2. Description of the set of colorings in the case of manifolds with boundary. Let 
G be a group, M be a 3-manifold, E be the boundary of M and Tq be a triangulation 
of E. Set CoIg,cq{T) the set of G-colorings of T such that the restriction to Tq is cq. 
For every functor _Fb : 'ri(ro) G, Fun(-Ki(T),G)p^ is the set of functors F from 
7ri(T) to the groupoid G such that the diagram : 



7ri(r)^^G 




TTl (7b) , 



commutes. In the above diagram, i is the inclusion functor. We denote by Fun(jvi{T), G) Pi^/{iso) 
the set of isomorphisms classes of functor in Fun{TTi{T) , G) such that the restric- 
tion of the natural isomorphisms to 7ri(To) is idp^. 

Proposition 4.3. Let C be a semisimple tensor k-category, T be a simplicial com- 
plex and Tq a subcomplex ofT. For every coloring cq e Col{To), the map: 

(4.4) ColG,coiT)^Fun{MT),G)F^^ 

Fc, 

where the functor Fc sends every 0-simplex ofT to the unique object of the groupoid 
G and every oriented 1-simplex (xy) to c{xy), induces the following isomorphism : 

(4.5) ColG,c^{T)/gT ^ Fun{7vi(T),G)F /{iso). 
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Proof : 

The proof is the same as that of proposition 14.21 i-e- we show that the functor 
Fc is well defined and the map (|4.4p induces an isomorphism between the quotient 
spaces. 

□ 

4.3. Construction of the homotopical Turaev-Viro invariant. From now on, 
every spherical category has an invertible dimension. 

4.3.1. Notations. Let C be a spherical category. The graduator Tq of C is a finite 
group. In this case the Eilenberg-Mac Lane space K{rc, 1) is the classifying space 
BTc- From now on, we will use the notation BFc and the terminology classifying 
space. Let M be a 3-manifold and T be a triangulation of M, for every x e [M, BTc], 
we denote by Colx{T) the set of colorings c of T such that the equivalence class 
[c] in CoIy^{T) /Qt corresponds to x. We obtain a partition of the set Col{T) : 

Col{T) = Y[ Colx{T). If c G Col{T), we denote by Xc G [M, BFc] the homotopy 

xe[M,Br(,] 

class associated to c by the bijection l|4.2p . 

Let M be a manifold, E be the boundary of M and Tq be a triangulation of S. For 
every homotopy class xg G [E,i3rc], we denote by [M,Brc]s,XQ the set of homotopy 
classes of maps from M to the classifying space BFc such that the homotopy class 
of the restriction to S is a;o. Thus for every coloring cq G Col{To) and for every 
triangulation T of M such that the restriction to E is Tq, we have the isomorphisms 

(4.6) Colr^^co/iGr) = Fun{ni{T),Fc)Fco/{iso) - [Af, Brc]s,.eo • 

For every coloring cq G CoI{Tq) and for every homotopy class y G [M, BFc]^^xcQt 
we denote by ColcQ,y{T) the set of colorings c G C'ol{T) satisfying : 

• = Co, 

• the equivalent class [c] G CoIy^^cq/St corresponds to y G [M, BFc]-s,xcq by 
the bijections l|4.6p . 

Let C be a spherical category, M be a 3-manifold, E be the boundary of M, Tq 
be a triangulation of E and cq G Col{To). We can break up the Turaev-Viro state 
sum in the following way : 

ceColcQiT) 

^^-"om+«o(To)/2 y: e 

set : HTVciM,x,ca) = ^-"o(^)+"o(To)/2 wcWc Let us show that for every 

ceColcQ,x 

coloring cq G Col{To), HTVc{M,x,co) is an invariant for the triple {M,x,co). To 
prove that we will show that for a fixed triangulation of the boundary of M and 
a fixed coloring cq of the boundary HTV{M, x, cq) is invariant under the Pachner 
moves [11]. We recall briefiy the Pachner theorem : 

Theorem 4.4 (Pachner theorem [15]). Two triangulations of a compact 3-manifold 
which coincide on the boundary of M can change one into the other by a finite 
sequence of ambient isotopy and/or the following local moves : 

First, we will show that for every cq G CoI(Tq) the set CoIy^.cq{T)/Qt is invariant 
under the Pachner moves. 
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Pachner move (1-4) Pachner move (2-3) 

Let r be a simplicial complex and To be a subcomplex of T, we denote by 
Ti the simplicial complex obtained from T by substituting a 3-simplex 




(non contained in Tq) with /^C^ (Pachner move 1-4). We denote by T2 the 
simplicial complex obtained from T by substituting 4/ (non contained in Tq) 




with (Pachner move 2-3). For every coloring c e Col{Ti) (resp. Col{T2)), 

we denote by ct the restriction of c to the simplicial complex T. 

Lemma 4.5. LetT he a simplicial complex, Tq he a simplicial suhcomplex ofT and 
cq g Col{To), the following maps : 

(4.7) Colrc^,^{Ti)/gT^ ^ Colrc^cQ{T)/QT 

[c] ^[ct\, 

(4.8) Colr^^c^m/gT^ ^ Colr^^cQ{T)/gT 

[c] ^[ct]- 

are hijective. 

Proof : Let us show that the map (|4.7p is bijective. Set : 

This map is surjective. 

Let c, c' e CoIy^^cq{Ti) such that (/f>i(c) = (?!)i(c'), we denote by i the 0-simplex 

inside the simpHcial complex /^\~^ and the other 0-simplexes are denoted by 




an integer from 1 to 4. Set 5 : rf ^ Tc such that (5(x) = i '''^^'^ ^'^^^^^ . 

i c ^ ^ 1 1 otherwi 



otherwise 

Thus for every oriented 1-simplex (ki), where k e {2,3,4} : 

(ki) = c{ki)S~^ (i) 

= c(A:l)c(lz)(5"\i) 

= c{kl)c{li)c{liy'^c{li) 

= c'(A:l)c'(lj) 

= c {ki), 

moreover c'^(li) = c{li)5{i)~^ = c'(li). Thus (^1 defines a map (^1 from the quotient 
space CoIy^,cq{Ti)/Qti to the quotient space Co1^^^cq{T)/Qt- This map is well 
defined since if c = c'^ then ct = (^t and is surjective. Let us show that 0i is 
injective. Let c, c' G CoZrg^cg(ri), if 0i([c]) = <^i([c']) then \ct\ = [c^p] thus there 
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exists S G Gt such that : ct = c'^^ ■ Set : 5'{x) - ' "'^^'^ ^^i^^'i^^) if 



X = I 

S{x) otherwise 



Thus we have : 

c'*'(li) = (5'(l)c'(li)<5'(i)-i 

= S{l)c{li)c{uy^S{l)-^c{li) 
= c(li) 

and for every k e {2, 3, 4} : 

c^'{ki) = c^' {kl)c^' (li) 
= c^'{kl)c{li) 
= c"'(fcl)c(li) 
= c(fcl)c(li) 
= c{ki) . 

Thus 01 is a bijection from Co;r^,co(T'i)/5Ti to ColY^^cf^{T)/QT- 
Let us show that the map (|4.8p is a bijection. Set : 



'^2:Co/rc,co(r2)^CoZrc,co(r) 

C I— > Cy. 

Let c, c' e Co/rg(72) such that <^2(c) = 02(c'), then the colorings c and c' are 
equals on the oriented 1-simplexes of T. Let us show that the equality is still true 
on the remaining 1-simplex. We set the following numbering : 

i 




J 



It follows : c{ij) = c{ik)c{kj) — c'{ik)c'{kj) — c'{ij). Thus the map (l>2 is injective. 
Let c be a coloring of T and set the following numbering : 




J 



Set : c'(e) = I if f - M ^i^ig coloring of Tj, indeed : 

I c(e) otherwise 

c'{il)c'(lj) = c{il)c{lj) 

— c{ik)c{kl)c{lj) 
= c{ij) 

and : c'{im)c'(mj) = c'(ij). Furthermore we have (/>2(c') = c, thus we have a bijection 
between Co/r^ co(r) and Colr^^cQ{T2)- It induces the bijection (|4.8p . 

□ 

Theorem 4.6. Lei C 6e a spherical, M be 3-manifold, E 6e i/ie boundary of M and 
Tq be a triangulation ofT,. For every coloring cq e Col{To) and for every homotopy 
class X G [M, Brc]T,,xcQ ! "where Xcq G [E,_Brc] is obtained from cq, the vector : 

HTVc{M,Co,x)^A-''oiT)+noiTo)/2 ^ G Vc (S, To, Cq) 

ceColcQ,x{T) 
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is an invariant of the triple (M,x,cq). We have the following equality : 
(4.9) TVdM,CQ)= J2 HTVc{M,co,x). 

Proof : The splitting l|4.9p comes from the Turaev-Viro state-stum and the par- 
tition of the set of colorings. Let us show that HTVc{M, cq, x) is an invariant under 
the Pachner move (1-4). As previously, we denote by Ti the simplicial complex 

obtained from T by substituting with • ^^ow the invariance 

under the Pachner move (1-4), we must show the following equality : 

WcWc = A^"'^ ^ w^iW^i , 

c'&ColcQ,xiTi) 

c — c 

for every coloring c G Colcf^^x{T). By construction of the Turaev -Viro invariant [T5] . 
for every coloring c e CoIcq,x{T) we have : WcWc = A^^ ^ '"c'^c' • Using 

c'eColcQiTi) 

the bijection (|4.7p . we know that for every coloring c G Co/(r)cQ,x, if c' G CoIcq{Ti) 
and drp = c then c' G Co^cq x^\). It results the invariance under the Pachner move 
(1-4). 

Let us show the invariance under the Pachner move (2-3). As previously, we 
denote by Ti the simpHcial complex obtained from T by substituting <==^4/ with 





. To show the invariance under the Pachner move (2-3) , we must show the 
following equality : WcWc = ^ '"c'^^c' > fo'^ every coloring c G Colc^.xi^T). 

c'eColcQ.xiTi) 

Let c G ColcQ,x{T), by construction of the Turaev-Viro invariant we have : 

WcWc^ ^ W^/W^r , 
c'GColcgiTi) 

using the bijection l|4.8p . we know that if c G ColcQ.xiT) then for every coloring 
c' G CoIcq{T2) such that = c, we have : c' G CoIcq,x{T2). It follows the invariance 
under the Pachner move (2-3). 

□ 

Corollary 4.7. Let C be a spherical category and M be a 3-manifold without 
boundary, the splitting of the Turaev-Viro invariant l|4.9p is : 

(4.10) TVc(M)= ^ HTVc{M,x). 

xe[M,BTQ\ 

The invariant HTVc is called the homotopical Turaev-Viro invariant. 

We can extend the Turaev-Viro and the homotopical Turaev-Viro invariant to 
singular triangulated manifolds. Indeed there is a Pachner theorem for singular 
triangulated manifolds : 

Theorem 4.8 ([1]). Two triangulated singular 3-manifolds are piecewise-linear 
homeomorphic if and only if they are related by a finite sequence of ambient isotopy 
and/or Pachner moves (1-4) and/or (2-3). 
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Thus we can defined the Turaev-Viro invariant and the homotopical Turaev- 
Viro invariant to singular triangulated manifold. In this case we obtain the same 
splitting (gJl) and ijTTOl) . 



5. Examples 

5.1. The three dimensional sphere S^. The three dimensional sphere admits 
a singular triangulation with one tetrahedron j^, denoted by {xi,x2,xz,x4) , and 
the following identifications of the 2-simplexes : 

{xi,X4,X2) = {X3,X4,X2) , 
{xi,X3,X4) = {x3,X2,Xi) . 

After this identification, we obtain a singular triangulation with one 0-0-simplex 
denoted by x and two 1-simplexes denoted by a and b. Below is a figure of this 
singular triangulation. 




5.1.1. Group categories. 



Colorings. Let G be a finite group, C be a group category such that G is the 
group of scalar objects of C (up to isomorphism) and c be a coloring of S^. With 
the above notations, we set c{a) = g and c(6) = h, by construction of the singular 
triangulation of S^, we obtain the following relations : 

2 

9 =9, 
g\ = l. 

It results that for every coloring c, we have : c(o) = c{b) = 1. Reciprocally the data 
(1, 1) G G^ defines a coloring of . Since there is only one coloring, the homotopical 
Turaev-Viro invariant is equal to the Turaev-Viro invariant : 

TVc{S^)=HTVc{S\0) = ^, 

tlG 

where e [S^,BG] is the trivial homotopy class. 



5.1.2. C/q(s(2) with q root of unity. Let r > 3 and ^4 be a primitive 2r-th root of 
unity such that = g is a primitive r-th root of unity. The set of scalar objects 
(up to isomorphism) is given by the set of integers {0, ...,r — 2}. The graduator of 
this category is the cyclic group Z2. Throughout this section we will consider the 
group Z2 endowed with the multiplicative notation. The dimension of the scalar 

object i is : dim(i) = (-^Y ^-jfj-r-^ = (-!)'[* + 1]?, with < i < r - 2. The 

dimension of the category is the scalar : Ay^fjt^) = ^ dim(i)^ = — A^^)"^ ' 

1=0 \ ~ ) 
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Colorings. For every coloring c of the above singular triangulation of S^, we set 
: X = c(o) and Y = c(6). By construction of the singular triangulation of S^, one 
gets : 

(i) 3X < 2r - 4 and 2X + y < 2r - 4, 

(ii) Y <2X, 

(iii) X = mod 2 and y = mod 2 . 

Conversely a pair of positive integers {X,Y), with < X,Y < r — 2, which respects 
the conditions (i), (ii) and (iii) defined a coloring c of 5^, in such a way : c(o) = X 
and c{b) = y. From now on, we denote c = (X, y) a coloring of 5''. 

Let c = (X, y) be a coloring of S^, we denote by \X\ the image of the scalar 
object X in the graduator Z2. The relation (iii) implies : \X\ = \Y\ = 1, thus there 
is a unique equivalence class of coloring. It follows that the Turaev-Viro invariant 
is equal to the homotopical Turaev-Viro invariant : 

(5.1) TV{S^) = HTV{S^, 0) = ^ , 

where € [S^,BZ2] is the trivial homotopy class. 

5.2. The 3-torus x x S^. Below is a singular triangulation of the 3-torus 



a 




X — > X 



a 

xS^ X 

5.2.1. Group categories. 

Colorings. Let G be a finite group, a € H^{G,h*). Let c be a coloring of the above 
singular triangulation of x x 5^, it follows that c is defined by the 7-tuple 
(a, h, c, d, e, /, g, h). Furthermore by definition of the colorings, we have the following 
relations : 

d = 6c = c6 , 

e = ac = ca, 
f — ab — ba , 
g — fc = abc . 

It follows that the coloring c is described by the triple (a, 6, c), where ab = ba, 
ac = ca and be = cb. Reciprocally, every triple (a, b, c) such that ab = ba, ac = ca 
and be — cb defined a coloring of x 5^ x . For every g e G, we denote by Ng 
the set {h e G\hg = gh}. The set of coloring of the 3-torus for the above singular 
triangulation is {(a, 6, c) € G^\b € Ng ,lc € Ng and be = cb}. From now on, every 
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coloring c of the 3-torus will be denoted by c = (a, 6, c), with a,h,c e such that 
b,c e Ng and be — cb. 

5.2.2. Gauge actions. We have built a singular triangulation with one 0-0-simplex, 
thus the gauge group on this singular triangulation can be identified to the group 
G. Since the graduator of a group category is the group of scalar objects (up to 
isomorphism). Thus the colorings have value in the graduator and so the gauges 
act directly on the colorings. Let us describe the equivalent classes of colorings 
under the gauge action. 

Let c = {a.,b,c) and c' = {a',b',c') be two colorings of the 3-torus, they are 
equivalent under the gauge action if and only if there exists a gauge h £ G, such 
that : 

(5.2) a = hah~^ , 

(5.3) b' = hbh^^ , 

(5.4) c = hch^^ . 

The equivalence classes of colorings are the conjugacy classes of the triple (a,b,c). 
Notice that if the group G is abelian, there are exactly G^ equivalence classes of 
colorings. 

Computation for the cyclic group Zjv 

Let us recall that the cohomology group H^{Zn,U{1)) is and is generated by 
the cohomology class of ajv defined as follows (See [10]) : 

(5.5) ajsrix, y, z) = exp{{2m /N'^)z{x + y- xy)) , 

where x denotes the integer between and A'^ — 1 representing an element a; e Zjy. 
We have : 



1 when a: or J/ or 2 is equal to 1 , 

a]^{x,y, z) = 1 when x + y<N, 

exp(2-Kz/N) when x + y > N 

In the case of Group categories the Turaev-Viro invariant and the Dijkgraaf 
Witten invariant are the same jT2], it follows : 



(5.6) TV^^^^^(S' xS' xS') = ^ Yl 



Qjv(a, b, c)aN{b, c, a)aN{c, a, b) ^ ^2 



^N^ N N aN(a,c,b)aNic,b,a)aN{b,a,c) 



The homotopical Turaev-Viro invariant is : 
(5.7) 

urrtr ^c-i^ci^oi \ f I aN{a,b,c)aN{b,c,a)aN{c,a,b)\ (\ 

^ ^ \N aN(a,c,b)aN(c,b,a)aN{b,a,c) J 

5.2.3. The quantum group Uq{5l2). 



Colorings. Let r > 3, A be a 2r-th root of unity such that = q is a. r-th root 
of unity. Let c be a coloring of the triangulation of x x , the coloring c is 
determined by the 7-tuple (a, b, c, d, e, /, g) which verifies : 

(i) 0<a,b,c,d,e,f,g,h<r-2 

(ii) {a,b,f), (b,c,d), (a, c, e), {c,f,g) are admissible triple, 
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Gauge actions. Let us describe the equivalence classes of colorings of the 3- 
torus. Let c = {a,b,c,d,e,f,g) be a coloring of the 3-torus, we denote by |c| = 
(|a|, |c|, |e|, I/I, Igj) the coloring obtained by projection to the graduator Z2. 
The coloring |c| is a Z2-coloring. Using the example for group categories, we know 
that |c| is determined by the triple (|a|, |&|, |c|). Furthermore since Z2 is an abelian 
group, two colorings c — {a,b,c,d,e,f,g) and c' — {a' ,b' ,c' ,d' ,e' , f') are equivalent 
for the gauge action if and only if (|a|, |c|) = (|a'|, |6'|, |c'|). Thus the set of equiv- 
alence classes of a coloring c = {a,b,c,d,e,f,g) is given by the class of (ja|, |&|, |cj). It 
follows : 



(5.8) 



-2r 



E 



c—{a,h,c^d,e,f,g,h) 
\a\=i,\b\=j\c\=k / (,j^fe)g2;3 



with Wc ~ dim(a) dim(&)... dim(/i) and 



a fo /IJa c elja & / 
c g d j y b g d j y g c e 
The homotopy classes are given by the equivalence classes of colorings : 

(1, 1, 1), (1, 1, -1), (1, -1, 1), (-1, 1, 1), (-1, 1, -1), (-1, -1, 1), (1, -1, -1), (-1, -1, -1) G 

Let us prove that -ffT%(sr(2))(S^ x x , (-1, 1, 1)) and HTVJJ^^^^^2)){S^ x x 
5^,(1,-1,1)) are equal. The formula (|5.8p gives : 



^^rV^c/,(.i(2))(5''x xS\ (-1,1,1)) 



E 



a,b,c,d,e,f,g 
|a| = k| = |/| = |9l = -l 
|b| = |c| = |d| = l 



^^T%(.i(2))(S' x^i xS\ (1,-1,1)) = 



E 



a^b,c,d,e,f^g 

\b\ = \d.\ = \f\ = \g\=--i 

|a| — |c| — |e| — 1 



a b f 
c g d 



a b f 
c g d 



ace 
b g d 



ace 
b g d 



The 6j-symbols are invariant under the action of the alternated group 2I4 on the 
0-simplexes, it gives the following relations ([9], [16]) : 



[ ^ 


j 


k ] 


\-\ 


f J 


i 


k 1 


H 


\ . 


k 


J 1 


\-\ 


\ ^ 


m 


n 1 




f / 


m 




I ' 


m 


n J 




m 


I 


n J 




I ^ 


n 


m 




[ ' 


i 


J 




I ^ 


j 


n j 



with (i, j,fc), (j,m,n), {j,l,n) and (k,l,m)) admissible triples. Using the above rela- 
tions, one gets : 

2 

& a / 1 J 6 c d 



^^T'%(M(2))(5^x5ixS\ (1,-1,1))= ^ "4 ! c d I I 

a,b,c,d,e,f,g v J V 



a,b,c,d,e,f,g 
61 = 1^1 = 1/1 = 131 = - 
|Q| = |c| = |e| = l 



age 



= ^^rVy,(.l(2))(5' X^l XS\(-1,1,1)). 

Similarly, we prove the following equalities : 

^rVl;^(Bl(2))(S' X5I XS\ (1,1,-1)) = //r\/t;^(,[(2))(Sl XS^ X 5^,(1, -1,1)) 

= ^rl/c/,(=[(2))(S' XS^ X^l, (-1,1,1)) 
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and 

^^ryc/,(.[(2))(5' xs^x = Hrii,,(„(2))(5' x x s\ (-1,-1,1)) 

= -ffrii,,(„(2))(s' xs-i xs\ (-1,1,-1)). 

Table. 



r 


rv,7<,(5[(2)) 


-'^7^'14/<,(B1(2)) 


3 


4 


(1/2,1/2,1/2,1/2,1/2,1/2,1/2,1/2) 


4 


9 


(2,1,1,1,1,1,1,1) 


5 


16 


(2,2,2,2,2,2,2,2) 


6 


25 


(4,3,3,3,3,3,3,3) 



5.3. The lens spaces. Lens spaces L{p,q), with 0<q<p and (p,q)=l, are oriented 
compact 3-manifolds, which result from identifying on the sphere = {{x,y) € | 
kl^ + \y\'^ = 1} the points which belong to the same orbit under the action of the 
cyclic group Zp defined by {x,y) i-^ [wx^w'^y) with w = exp(2iTv/p). 

A singular triangulation of L{p, q) is obtained by gluing together p tetrahedra 
{ai,bi,Ci,di), i = 0,...,p — 1 according to the following identification of faces (i + 1 
and i + q are understood modulo p) : 

(5.9) {ai,bi,Ci) = (aj+i,fei+i,Ci+i) 

(5.10) {ai,bi,Ci) = (6j+g,c,j+,,dj+g) 

The identification of l|5.9p can be reahzed by embedding the p tetrahedra in Eu- 
clidean three-space, leading to a prismatic solid with p + 2 0-simplexes a, b, Ci , 2p ex- 
ternal faces, 3p external edges and one internal axis (a, fe). Then formula IjS.lOp is in- 
terpreted as the identification of the surface triangles (a, c^, c^+i) and {b, Ci^q, Ci+i+^). 

5.3.1. Group categories. 

Colorings. Let G be a finite group, a g H^{G,k*) and c be a coloring of the 
singular triangulation of L{p,q) described above. We set g = c{ab), hi = c{hci) and 
ki = c(ciCi+i). By definition of the colorings, we have the following relations : 

(5.11) c{acj) — c{ab)c{bcj) — ghi 

(5.12) hi+i = c{bci+i) = c(bci)c{ciCi+i) = h^ki 

The identification of the 2-simplexes {a,Ci,Ci+i) and (fe, cj+q, c,;+i+g) gives : 

(5.13) ki = ki^q 

(5.14) c{aci) = h,+q 

The relations (|5.14p and (|5.1ip give : hi = /i^+pq — c{aci^^p_i-fq) = ... — g^hi. It 
implies that g^ — e. Since (p, q) = 1, the relation l|5.13p implies that ki is independent 
of i, we set ki = k e G. There exists an integer n such that n is the inverse of q 
modulo p. One gets : g"'hi = hij^^q ~ hi+i. By induction, it follows : hi = (7*"/io- We 
set ho = h £ G. The relation g^hi — /ij+i compared to (|5.12p gives k = h^^g^hi = 
h~^g'^h. Conversely, the data g,h £ G with g^ ^ e determines a coloring of the 
singular triangulation of L{p, q) through the formulas : 

(5.15) gi = g, 

(5.16) hi = 

(5.17) ki = h'^g''h. 

Gauge actions 

The data {g, h) e G with g^ = e defines a coloring of the above singular triangu- 
lation of L{p,q). All the gauge actions on the colorings are on the form : 
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(5.18) S.g = 5{a).g.5{a)-\ 

(5.19) S.h^ = S (a). h,.S id), 

with S : t'^ G. Two colorings (g, h) and (g' , h') are equivalent under the gauge 
actions if and only if there exist x,y e G such that : g' = xgx~^ and h' = xhy^^ . We 
can notice that if G is an abelian group then the equivalence class of the coloring 
[g,h) is the set {(ff,/i)}heG- 

Computation for Z^y. 

In this case, the Turaev-Viro invariant is the Dijkgraaf-Witten invariant [jJI : 

1 ^"^ 

(5.20) ri/z^„^(L(p,g)) = ^ Y. n"Jv(5,5"/J,fe^V/j), 

with ajv l|5.5p the 3-cocycle which generates //•^(Z^r, (7(1)). 
First case p\ N 

In this case the set of colorings is {(1, /i)}/igz^ and there is only one equivalent 
class of coloring. It follows that : TVj^^^aj^{L{p,q)) = HTVz^^aj^{L{p,q),0), with 
e [L(p, q), BZjv] the trivial homotopy class. We obtain : 

1 1 

Second case p N 

In this case the number of homotopy classes is #{(/ G Z^r \ g^ = 1}. The invariant 
HTVzj^,^^ is : 
(5.21) 

HTVz^,aj^{L{p,q), -) = {j;^,j;j2 H "(^i' ^i"'*' )'•••' U ^idk, gTh, gk)) , 

with gi, fffe G Ztv such that = 1 for all 1 < i < fc. We refer to the Section [8] for 
some values. 

5.3.2. Uq{si2) with q root of unity. 

Colorings. Let us recall that for the previously singular triangulation of L{p, q) 
we denote by (a, 6, c^, c^+i), with < i < p — 1, the 3-simplexes. Let c be a coloring 
of this singular triangulation, we set : 

c(afe) = X , 
c{bci) = Yi , 
c{ciCi+i) = , 
c(aCi) = Ki . 

The identification of the 2-simplexes (a, Ci,Ci+i) and {b,Ci^q,Ci^g^i) gives the fol- 
lowing relations : 

for all < i < p — 1. Since (p, g) = 1, there exists an integer n such that : nq = 1 
mod p. It follows : Z^^i — ^i+n^ = Zi. We set Zi = Zq = Z. Thus a coloring of 
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L{p,q) is determined by the colors of the edges : (ab), (ciCi+i) and (hci). From now 
on, a coloring c of L{p,q) will be denoted by (c(a6), c(cjCi+i), c(6ci)). 



5.3.3. Gauge actions. For every scalar object X, \X\ denotes the image of the 
scalar object X by the projection map |?| : ^Uq(si2) ~^ ^2- 

Let n be an integer such that nq = 1 mod p. For every coloring c = {X,Z,Yi), 
{\X\, \Z\, \Yi\) is a Z2-coloring of L{p,q). From the computation int he case of group 
categories, one gets : 

\Yi\ = \xrh, 
\z\ = \xr, 

with h € Z2. Using the case of group categories, we know that two colorings 
{\X\,\Z\,\Y,]) and {\X'\,\Z'\,\Yl\) are equivalent if and only if \X\ = \X'\. It results 
that two colorings c = {X,Z,Yi) and c = {X',Z',Y-) are equivalent if and only if 
\X\ = \X'\. Thus the parity of X describes the equivalent classes. There exists at 
most two homotopy classes, the trivial homotopy class G [L{p, g), corresponds 
to the equivalence class of the coloring {X, Z, Y^) with \X\ = 1. Then the Turaev-Viro 
invariant can be written in the following way : 

c={X,Z,YA 



(5.22) =A"^ 



Uq(Bi2) 



( \ 

WcWc + Yj WcWc 

c=iX,Z,Yi) c=(X,Z,Yi) 

\ \x\=i \x\=-i I 



We denote by HTVo{L{p, q)) (resp. HTVi{L{p, q))) the state sum Aj^^j.^,^) ^ WcWc 

c={X,Z,Yi) 

\x\=i 

(resp. A^^j.^[ ^ ^ WcWc). The state sum i?TVb is the homotopical Turaev- 

c=iX,Z,Yi) 
\X\ = -1,\X\P=1 

Viro invariant for the trivial homotopy class, and HTVi is the homotopical Turaev- 
Viro obtained for the other homotopy class. 

If p is odd. 

In this case the set of colorings is {X, Z, Yi)^x\=i.z,Yi ' follows that there is only 
one homotopy class given by the equivalence class of the coloring {0,Z,Yi). We 
obtain : TV{L{p,q)) = HTVoiL{p,q)) and HTVi{L{p,q) = 0. 



5.3.4. The case r = 3. The set of irreducible scalar objects (up to isomorphisms) 
consists of two elements and 1. Up to permutation there are only two admissible 
(unordered) triples : (0,0,0) and (0,1,1). 

Let A be a 6th root of unity with = q a 3rd root of unity. It follows that : 
q'^ + q + l = 0. Set e = A + ^ 0. We obtain : 

=q + 2 + q-^ 
=q+l-q 
= 1 
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Thus e = 1 if the real part of A is positive and e : 
We have : 



'1 if the real part of A is negative. 



dim(O) 
dim(l) 



1, 



Each admissible 6-tuple may be transformed by the action of the alternating 2I4 C 
©4 into one of the three 6-tuples : (0,0,0,0,0,0), (1,1,0,1,1,0) and (0,1,1,1,0,0). 
We obtain the following 6j-symbols : 








= 0, 



1 1 
1 1 



1 1 

1 



I if e : 
1 if e = 



1, 
-1. 



The homotopical Turaev-Viro invariant is : 



6. Splitting of the Turaev-Viro TQFT 

In this section, we will build a splitting of the Turaev-Viro TQFT. To obtain 
this splitting, we will use the homotopical Turaev-Viro invariant (Theorem 14. 6p . 
Throughout this section, the category C is a spherical category with an invertible 
dimension in Ik. 

6.1. The Turaev-Viro TQFT. Let S and E' be two oriented closed surfaces, 
a cobordism from S to E' is a 3-manifold whose boundary is the disjoint union : 
E]JE'. Let M and M' be two cobordisms from E to E', M and M' are equiva- 
lents if there exists an isomorphism between M and M' such that it preserves the 
orientation and its restriction to the boundary is the identity. 

The cobordism category is the category where objects are closed and oriented 
surfaces and morphisms are equivalent classes of cobordisms. The cobordism cate- 
gory is denoted by C0&1+2. The disjoint union and the empty manifold define a 
strict monoidal structure on C0&1+2. 

A TQFT is a monoidal functor from the cobordism category to the category of 
finite dimensional vector spaces. 

We will recall the construction of the Turaev-Viro TQFT. Let E be an oriented 
closed surface and T be a triangulation of E. We associate to the pair (E, T) a vector 
space Vc(E,r) = (g) !/(/, c), where V^(/, c) = i^omc(l, c(01) ® c(12) ® c(20)) 

ceCol(T) f^T^ 

for every / = (012). The vector space V{f,c) does not depend on the choice of a 
numbering which respects the orientation. The vector space V{f, c) is dual to 

feT§ 

V(/,c), the duality pairing r2c,c : V'(/, c) (gi^ y{f,c) is induced by the 
/eT2 /gt2 /eT2 
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non degenerate bilinear form l|3.ip : 

uc ■■ Homc{l,X ®Y ® Z) (g),, Homc{l,Z'^ ® Z^) k* 

f ® g ^ trif"^ g) , 

for every objects X, Y and Z. The duality pairings corresponding to all colorings 
of T determine a bilinear form Q.c ■ Vc(S,r) <8)k VcC^^T) ^ k by the formula : 

(6.1) nd xc, yc)= J2 ^cA^c,yc), 

ceCol{T) ceCol{T) c£Col{T) 

where Xc G IlfcTa V{f,c) and yc G IlfcTS V{f,c) for all coloring c G Col{T). The 

bilinear form (|6.ip is non degenerate and symmetric. 

Let E (resp. E') be an oriented surface endowed with a triangulation T (resp. 
T') and M be a cobordism from E to E', for every colorings c G Col{T) and c' G 
Col{T') we have the following vector : TVc{M,c,c') G Vc(T.,T,c) ® l/c(S', T', c') 
yc(E,T,c)* ® l/c(E',r',c'). The vector spaces Vc(E,T,c) and V^c(S', T', c') are finite 
dimensional vector spaces, thus we can build the following linear map : 

TT^(M),^,, : Vd^,T,c) ^ \/c(s',r',c'), 
thus the matrix I TVc{M)^ ^/ j defines a linear map : 

[M] = (TVc{M)^^ : Vc(E,r) Vc(E',r'). 

V ■ J ceCol{T),c'^Col{T') 

By construction of the Turaev-Viro invariant (Theorem 1.8 [15]), we have the fol- 
lowing relation : let E, E' and E" be closed surfaces endowed with the triangulations 
T, T' and T", for every cobordisms M : {T.,T) -> (E',T') and M' : (E',T') ^ (E",T") 
we have : TVc{M' U^/ M) = contrs(rVc(M') ® TVc{M)), where contr^ is the con- 
traction : 

(6.2) Vcinr) ®k Vc{E',T') ®k Vc(s^,T') ®k i^c(s",r") ^ Vci%T) ®k \/c(s",r") 

induced by the form in Vc(E',r'). It follows that : [M' U^, M] = [M'] o [M]. 
Furthermore the map [Ex/]: Vc(E,r) ^ Vc(E,T) is an idempotent denoted by 
Pe,t- Set Vc(E,r) = im(ps^j-) and for every cobordism M : E ^ E' we denote by 
Vc(Af) = the restriction of [M] to im(ps,T)- The vector space Vc(E,T) 

is independent on the choice of the triangulation T. Indeed for every triangulations 
T and T' of E, the equivalence class of the cobordism E x 7, where the surface 
E X {0} is endowed with the triangulation T and the surface E x {1} is endowed 
with the triangulation T' , is an isomorphism; the inverse is the cobordism E x 7 
where E x {0} (resp. E x {1}) is endowed with the triangulation T' (resp. T). Thus 
the Hnear map defined by this cobordism is an isomorphism between Vc(E,T) and 
Vc(E,r'). From now on we will denote by Vc the Turaev-Viro TQFT, for every 
closed surface E we denote by Vc(E) the vector space associated to E and for every 
cobordism M we denote by Vc(M) the linear map associated to M. 

6.2. The splitting of the Turaev-Viro TQFT. From now on, for every homo- 
topy classes x g [E, TJrc] and x' G [E',73rc] we denote by [A7, 73rc](2,2:),(s',K') the 
set of homotopy classes of [M, BTc] such that the homotopy class of the restriction 
to E (resp. E') is x (resp. x'). 

For every oriented surface E endowed with a triangulation T, we can decompose 
the vector space VcCSjT) in the following way : 

Vc(E,T)= Vc{^,T,c)^ Vc{^,T,x), 
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where Vc(E,T, a:) is the vector space Vc(S,T,c). 

c(^Col.r{T) 

Let M be a cobordism from (S.T) to (E',T'), c be a coloring of T and c' be a 
coloring of T'. For every liomotopy class y e [M, Brc](^-^ fj^' x know that 

JiTyc(A4",y,c,c') is a vector in Vc{T.,T,cy (8)VciT,' ,T' ,c'). This vector defines a linear 
map : 

HTVciM, y, c, c') : Vc(E, T, c) ^ (E, T', c') . 
Let X € [E,_Brc] and x' € [E,Brc], for every y € [Afi -Src](i;,x),(s',x') matrix 
I HTVc{M,y,c,c') j defines a linear map : 

V y c&Colx{T),c'eColx(T') 

(7lTVc(M,y,c,c')] : l/c(S,T,x-) ^ Vc(E', T', x') • 

V / ceCoix(T),c'eCoix(T') 

This map is denoted by HTVc{M,y)^ ,^/. 

Compositions. Let M be a cobordism from (E,r) to (E',T'), M' be a cobor- 
dism from (E',r') to (E",T"), a; € [E.BFc] and x" € [E",Brc]. By construc- 
tion of the homotopical Turaev-Viro invariant for every y € [M, BTc]fj2 ^■■^ (s'x')) 
y' e [M',Src](s',x'),(s",x")' ^ ^ Golx{T) and c" £ Co/^"(T"), we have : 

HTVciM' Uj,, M, y U y' , c, c") = contrj,,,^, (J?TFc(M, y, c, c') ® HTVc{M' , y', c', c")) , 
where contr^./ ^/ is the contraction : 

VcCS, T, x)^iVc{^', T', x')®^Vc(T/, T', x')®kVc(S", T", x") ^ Fc(S, T, a;)®kV^c(S", T", a;") 

induced by the form S7c in Vc(E', T', a:') and with yUy'{x) = 
It follows : 

^ MT;fe(M', c, c", J/') o HTVciM, c, c', y)l = HTVciM' Us M, c, c"y U y') . 

The composition is well defined, let us show that the morphism (E x I)t,t ■ 
(E,T) -> (E,T) defines an idempotent of VciT,,T,x). 

Idempotents. Let E be a surface, the inclusion E ^ Ex / is a deformation retract, 

thus there exists a unique homotopy class y e [S x I, BFc] such that the liomotopy 
class of the restriction to E x {0} is x. More precisely, y is the homotopy class of 
the following map : 

E X 7 -» BFc 
iz,t) I— » xiz). 

We denote by Ix this homotopy class. Assume that there exists an homotopy 
class y e [E X I,Brc]fj2 x) (s x') then there exists a map : F : E x / — > BTc such 
that i^sxjo} (resp. i/sx{i}) is homotopic to x (resp. x'). It follows that the linear 
map HTVciM x I,y)^ is defined if and only if the homotopy classes x and x' are 
the same. When this Hnear map is defined then 1,,, is the unique homotopy class 
of [E X ^](E,x),(s',x')- denoted by ps,t,x the linear map HTVd'S x J, lx)x,x. By 
definition of the composition, this endomorphism is an idempotent. 

Lemma 6.1. For every surface E endowed with a triangulation T, we have : 

PE,T = PE,T,x- 
xep.BFc] 



yix) ifa;eM, 
y'ix) ii X e M' . 
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Proof : For every 3-manifold M with boundary E, for every triangulation T of E 
and for every coloring c e Col{T), we have : TVc{M, c) = ^ HTVc{M, x, c). 

Thus if M = Ex/, then Tyc(S X /,c,c') = HTVdT. x I,y,c,c'). 

ye[Sx7,Src](s,a;c),(S.x^,) 

Previously we have shown that if the homotopy classes Xc and x^/ are different then 
[E X I,Brc](^j:^xc),i^,x i) ^® empty set and if the homotopy classes Xc and x^r 
are the same then [E x I, Brc](^_xc),{^,x ,) = {la:c}- Thus if c, c' G ColxiT) then 
ri/c(E X J, c, c') = HTVciT. X /, la;, c, c'). Furthermore if c G ColxiT) and c' G Col^,(T) 
with X ^ x' then TVc(E x I,c,c') = 0. It follows that ps_t = ^ Pt.,t,x- 

xe[T..BTc\ 

□ 

For every closed surface E endowed with a triangulation T, we set : Wc(E, T, a;) = 
im(ps.T.a;)- Let M be a cobordism from (E,T) to (E',T'), for every a; G [E,Brc], 
x' G [E',_Brc] and y G [A/, -Brc](2_2;)_(E',a;'), we denote by Wc{M,y)^^^i the restriction 

oiHTVc{M,y)^^^i to the vector spaces Wc(E,T,a;) and Wc(E',r',a:'). By definition 
of the composition, y^c(M,y)^ is a linear map from Wc(E,T,a;) to Wc(E', T', x'). 

Let us show that Wc (E,r,x) doesn't depend on the choice of the triangulation. 
For every closed surface E and for every triangulations T and T' of E, the linear 
map Wc(Ex/, lx)x,x ■ Wc(E,T, a;) Wc(E,r',a;) is an isomorphism. Thus the space 
Wc (E,r, a;) doesn't depend on the choice of the triangulation T, from now on we 
denote this vector space by Wc(E, x). Notice that if T = T' then Wc(E x /, lx)x,x = 

Theorem 6.2. LetC he a spherical category. For every closed and oriented surface 
E, we have the following decomposition of the Turaev-Viro TQFT Vq : 

(6.3) Vc(E)= Wc(E,x). 

x(i[T.,BTc\ 

For every cobordism M : Eq — > Ei and for every xq g [Eoj-BFc], xi G [Ei,_Brc], 
we denote by Vc{M)xf),xi the following restriction of the map Vc{M) : 

VriM) 

Vc(Eo)^^ ^Vc(Ei) 

Vc(So,2;n)— ^Vc(Ei,a:i). 

Vq(M)xq,xi 

We have the following splitting : 

(6.4) Vc{M)xo,x^^ Wc{M,y)xo,x^, 

,G[M,Brc](So,.o),(Si.xi) 

Proof : The splitting l|6.3p is a consequence of the lemma [GUJ 
Let us show the decomposition l|6.4p . Let M : (Eq, Tq) (Ei, Ti), by construction 
Vc(M) is the restriction of the linear map [M] to the image of the idempotent Py,q,t 
and the linear map is given by the matrix (T%{M)cq.c{)cqi^coI(Tq),c-^(^CoI{t-^) and 
for every colorings cq G Col{T()) and ci G Co/(Ti), we have : 

TV^iM)c^,ci- E Im^(M,2y)co,ci. 

,e[M,Brcl(So.xco),(Si,.ei) 

It follows that for every a;o G [Eo,-Brc] and xi G [Ei,_Brc], the restriction of 
the map [M] to the vector spaces : Vc(Eo, Toi a^o) and Vc(Ei, Ti, a^i) is equal to 
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HTVc{M,y) According to the lemma [Ot the idempo- 

yG[A/,Src](So,,o),(Si.xi) 

tent PSq.Tq (resp. PEltJ is splitting in the following way : PSq^Tq = PSg.Tg.a; 
(resp. PSq.Tq = Pt.q,Tq,x), thus we obtain the splitting l|6.4p . 

□ 

A direct consequence of the theorem 16. 21 is the following formula of the dimension 
of the vector space associated to a closed surface E : 
(6.5) 

dimk(Vc(E)) = dimfc(>Vc(E,s)) and dimk(Wc(E, x)) = ffTVc(SxS\ 1.) . 

6.3. The Turaev-Viro HQFT. In this section we show that for every spherical 
category C, the Turaev-Viro TQFT is obtained from a 2+1 dimensional HQFT 
whose target space is BFc- Let us recall the definition of an HQFT. 

B-manifolds. Let B be a d-dimensional manifold, a d- dimensional B-manifold is 
a pair (X, g) where X is closed d-manifold and g : X ~* B is a continuous map called 
characteristic map. 

A B-cobordism from {X, g) to {Y, h) is a pair {W, F) where is a cobordism from 
X to F and F is a relative homotopy class of a map from W io B such that the 
restriction to X (resp. Y) is g (resp. h). From now on, we make no notational dis- 
tinction between a (relative) homotopy class and any of its representatives. Notice 
that if B is a just a point {*} then we recover the notion of cobordism. 

We define the operation of gluing for B-cobordism. This notion is similar to the 
notion of gluing for cobordism. Let {W,F) : {M,g) {N,h) and iW',F') : {N',h') 
{P, k) be two B-cobordisms and $ : ^ TV' be a diffeomorphism such that h'll} = h. 
The composition of B-cobordisms is defined in the following way : (W', F')o{W, F) = 
(W' U W, F.F'), where F.F' is the following homotopy class : 



F.F'{x) = 



F{x) x€W 
F'{x) xeW' 

Since h''i/ = h, the map F.F' is well defined. 

The identity of {X,g) is the B-cobordism {X x I,lg), with 1^ the homotopy class 
of the map : 

X X I ^ B 
{x,t) ^ g{x) 

The disjoint union of B-cobordisms is defined in the same way of disjoint union 
of cobordisms. 

The category ofd+1 B-cobordisms is the category whose objects are d-dimensional 
B-manifolds and morphisms are isomorphism classes of B-cobordisms. The cate- 
gory of d + 1 B-cobordism is denoted by Hcob(B,d + 1), this is a strict monoidal 
category. 

HQFTs. A d -I- 1 dimensional HQFT with target space B is a monoidal functor 
from the category Hcob{d+l, B) to the category of finite dimensional vector spaces. 

Actually the vector space obtained from a B-manifold only depends on the man- 
ifold and the homotopy class of the characteristic map. 

Proposition 6.3. Let F bet a d + 1 dimensional HQFT with target space B and 
{X,g) be a B-manifold, then for every linear map h : X B homotopic to g we 
have : F{X,g) ^ F{X,h). 
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Proof : Let H be an homotopy between g and h, then {X x I, H) is a B- 
cobordism from {X,g) to {X,h) and the pair {X x I,H), where H is the homotopy 
class of H{x, 1 — t) is a B-cobordism from {X, h) to {X,g). Since F is an HQFT, we 
have : F{X xI,H)o F{X xI,H) = F[X xI,HuH) with HuH the homotopy class 
of the map : 

X X I ^ B 



{x,t) ^ HU H 



H{x,2t) ifO<t<^ 
H'{x,l-2t) if^<t<l 



Let us show that H U H is homotopic to Ig . The map : 

(E X /) X /-» E 

lg{x,t) ifO<s<i, 
HuH'{x,t{2s-l)) if^<s<l 



i{x,t),s) 



is an homotopy between Ig and HuH. Thus the map F(XxI,H) : F{X, g) —* F{X, h) 
is an isomorphism. 

□ 

Theorem 6.4. Let C he a spherical category. Set : 

(6.6) He ■■ Hcob{BTc, 2 + 1) vect^ 

(E,g)^ Wc(E,fl), 
(M,F)^ Wc(M,F), 

where the vector space Wc(E,g) is defined for the homotopy class of g. The functor 
He is a 2 + 1 dimensional HQFT with target space the classifying space BFc- 
The Turaev- Viro TQFT Wc is obtained from the HQFT He : 

Wc(E)= Hci^,x). 

xe[Y:,Brc] 

Proof : Let us show that He is a functor. Let E (resp. E' and E") be a 
closed oriented surface endowed with a triangulation (resp. T' and T"). For 
every cobordisms {M,F) : (E,p) ^ (E',g') and {M',F') : (E',5') (E",g"), we have 
shown that for every colorings c G Colxg (T^), c' e Colx^, {T-^i) and c" G Colx^,, {Ty^h), 
where xg (resp. x^i, x^n) is the homotopy class of g (resp. g' , g"), and for every 
y£ [M,Brc](s,^g),(s'.x ,)> v' G [M',BVc\(^i^x ,),(E".x „) we have : 



HTVciM' ,c' ,c" , F') o HTVc{M,c,c' , F) = HTVciM' U^, M,c,c" , F U F'). 

c'eColx^,(T') 

Thus 

HTVc{M',F)x^,,x^,,oHTVc{M,F)xg^x^, = HTVc{M' VJ^, M,F' U F)xg^x^„ . 

If we consider the restriction to the image of the idempotent PT,,T,xgi we have : 
Wc(M',F')Wc(M,F) = >Vc(Af'UsAf,F'uF). Furthermore we have : >Vc(Ex/,lx) = 

Let us show that He is monoidal. Let E (resp. E') be a closed surface endowed 
with a triangulation T (resp. T'), then the vector space : 

Vc{^Y[T.',TVJT') = Vc (E, T) ® Vc (E', T') . 

Thus for every homotopy classes x e [E, BVc] and x' G [E, BVc], we have : Vc(E ]J E', TU 
T',xVJx') = Vc(E,T,a;)®Vc(E',T',a;'). It follows from the construction of the Turaev- 
Viro invariant that : Pejjs'tut' = Ps.t ®k Pe' t' Therefore we obtain : 



32 



JEROME PETIT 



Ps U e' tut' xUx' ~ P's,T,x ®ik Pe' t' x' ' ■'■t results that the functor He is monoidal 
for the objects. Let us show that He is monoidal for the morphisms. For every 
morphisms (M,F) : (Ei,3i) ^ {■S[,g[) and (M',F') : {^2,92) ^ (S^,ff2), we have : 

^2 1 2 

where for every i € {1,2} Xg^ (resp. x^i) the homotopy class of gi (resp. gl). It 
follows that He is an HQFT. ' □ 

For every spherical category C, the HQFT He is called Turaev-Viro HQFT. 

6.3.1. Group categories Cc,a with G an abelian group. We will compute the vector 
spaces associated to a closed surface of genus g by the Turacv-Viro HQFT in the 
case of group categories defined for an abelian group. From now on, we denote a 
closed surface of genus g by Eg. Let G be an abelian finite group and a € H^{G,k*), 
we denote by Ca,a the associated group category. 

Below is a singular triangulation Tg of a closed surface of genus g = 2. 
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The above singular triangulation admits a unique 0-simplex and four 1-simplexes. 
We can extend the construction to closed surfaces of genus g > 2. We denote by 
ai, ...,ag,bi, ...,bg,ci, ...,Cg,di, ...dg,e the 1-simplexes of Tg. Let us describe the set 
of colorings of Tg . Let c be a coloring of the above singular triangulation of Eg . We 
set : 

c{ai) = hi , 
c{bi) = h , 



for every \ <i < g. With the colors hi and ki, we obtain the colors of each 1-simplex 
of the triangulation, indeed : c{ci) = aibi and c{di) = biai. The definition of colorings 
gives the following relations : [ai, 6i]...[ag, 6g] = 1, with [oi,6j] = aibia~^b~^ for every 
i. Since G is abelian group, the previous condition is always verified. Reciprocally 
the data (hi, ...,hg,ki, ...,kg) defines a coloring c of Eg, in such a way : c{ai) — hi 
and c(6j) = ki. 

Let us describe the gauge action on the set of colorings of Tg. Let us recall that 
the singular triangulation Tg admits a unique 0-simplex thus the gauge group of Tg 
can be identified to G. Let c— {hi,...,hg,ki,...,kg) and c' = {h[,...,h'g,k'i,...,k'g) be 
two colorings of Tg, the colorings c and c' are equivalent if and only if there exists 
h£G such that : 

h'i = hhih~^ — hi , 
g'i = hgih~^ = pj , 

for every i. It follows that for every x e [Eg,BG] the set ColxC^g) contains a unique 
coloring. 

We will describe the vector spaces associated to Eg by the Turaev-Viro HQFT 
Hcq ^ ■ First, we will describe the vector space Vc^ ^ (Eg, Tg) defined in the construc- 
tion of the Turaev-Viro invariant. In the category C^a the vector space associated 
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to the oriented 2-simplexes is a one dimensional vector space, it follows : 



e » 

Cl£Col(Tg) 



e 



i'n 



hg,ki,...,kg)&G^9 



We have shown that for every homotopy class x G [T,g,BG] the set Colx{Tg) con- 
tains a unique coloring, it follows that : Vc^, ^{T,g,Tg,x) — k. In order to describe 
the vector space Hcg,^(Sg,x) for every x G ['Eg,BG] we will determine the idem- 
potent PY.g^Tg,x ■■ {T.g,Tg,x) ^ Vc,^ JT, g ,Tg , x) ioY cvcry X G [T.g,BG]. Let 



-G,a 

X G [SgjBG], the linear map PY.g,x is an idempotent of a one dimensional vector 
space, thus PT.g,x = or PT.g,x = id- Since the Turaev-Viro invariant of the manifold 
T^gXl with a fixed colorings of the boundary is equal to 1, it follows that PSg^x = id- 
As a consequence we have : Hcq ^C^,^) = k- The lemma [HT] gives the splitting of 
the Turaev-Viro TQFT Vc^^ into blocks given by the Turaev-Viro HQFT Hcg, ^ - 
It follows that in the case of group categories Ca,a with G an abelian group, the 
splitting of the Turaev-Viro TQFT by the Turaev-Viro HQFT is maximal- 
Proposition 6.5. Let G an abelian group, a G H^{G,k*), Cg,q be a group category, 
g be a positive integer and Eg be a closed surface of genus g, we have : 

xe[T.g.BG] 

for every x G [Eg,i3G]. 



with Hcq q, (Eg, a; 



The torus S'^ x S'^ . We compute the Turaev-Viro HQFT of the torus S'^ x 5^ in the 
case of the quantum group Uqish) with q a root of unity. 

Below is a singular triangulation Tgi^gi of the torus x S'^ : 




There are three oriented 1-simplexes a, b and e and one 0-simplex x. Let c be 
a coloring of this singular triangulation, then we obtain the triple (c(a), c(b), c(e))- 
By definition of the colorings, the triple {c{a) , c{b) , c{e)) is an admissible triple- Re- 
ciprocally every admissible triple (i,j,k) defines a coloring c of Tji^^i, in such a 
way : c(a) = i, c(6) = j and c(e) = k. Let us describe the gauge action on the set of 
colorings of T^i^^i . Let c — k) be a coloring of Tgi ^^i , we recall that |c| is the 
coloring c with value in the graduator ry^(5(2) = Z2 and !?i : Aj/^^^i^) — > Z2 is the 
projection map. We will consider the group Z2 with the multiplicative notation. 
By definition of the Z2-coloring, we have the following relation : = It 

follows that the Z2-coloring |c| is given by the pair |j|) G Z2 x Z2- The singular 
triangulation T^i^^i admits a unique 0-simplex, thus the gauge group of Tgi^^i 
can be identified to Z2- Let c = k) and c' = («', j', k') be two colorings of T^i^gi , 
they are equivalent if and only if there exists a gauge /i G Z2 such that : 

= h\i\h ^ = |i| , 

= h\j\h^^ = |j| . 
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It follows that the equivalence class of a coloring c = {i,j,k) is given by the pair 
(|i|,|j|) G Z2 X Z2. There exists four homotopy classes in [5*^ x 3-^,3X2] which cor- 
responds to the equivalent classes of colorings : (1, 1), (1, —1), (—1, 1) and (—1, — 1). 
From now on, we denote the homotopy classes of [S^ x S^,BZ2] by the corresponding 
equivalent classes of colorings. 

Let us describe the vector spaces associated to x by the Turaev-Viro HQFT. 
First, we will describe the vector space Vjj^(^^i^-j{S^ x ,Tgi^gi) defined in the 
construction of the Turaev-Viro and then after we will describe the idempotents. 
For the sake of clarity, the vector space Vif^(^^(^^{S^ x ,Tgi^gi) will be denoted 
V{S^ X S^). In the case of Uq{sl2), the vector space associated to an oriented 2- 
simplex is a one dimensional vector space, it follows : 

V(s'xS')^ k= k, 

c^Col{Tg-^ ^ ) {i,j,k) admissible triple 

V{S^ xS\il,l))= k= k, 

c^Colf-, 1 -1 {T^-] „i ) (i,j.k) admissible triple 

V{S^ xS\(l,-l))= k= k, 

c^Colf^ _-,\ {T^-^ j^]^ ) (i,j.k) admissible 

y-'-'i ^) 0X0 i-ii ji-i 1 

|z| — 1 and — l 

V{S^ xS\i-l,l))= k= k, 

c^Col( _■, -i-i {T^-^ ) {i,j.k) admissible 

|z| — — 1 and |:?|— 1 

V{S^ xS\{~l,^l))^ k= k. 

cGCol(_-t _iA(^r'l cl) (iiii^) admissible 

2|— — 1 and — — 1 

By symmetry of the admissible triple we have V{S^xS^, (1,-1)) = ^(5^x5^, (—1, 1)). 
For every coloring c = k) G C!ol!^i _i-^{Tgi^gi), the triple (j, i, k) is an admissible 
triple. Thus the triple c' = {j,i,k) is a coloring of Tgi^^i such that |c'| = (—1,1). 
It follows that every coloring c = {i,j,k) G Co/(i _i) (T^i ) defines a coloring 
c= {j,i,k) G Col(^i _i^{Tgi^gi). We obtain the following bijection : 

c = {i,j,k) ^ c = {j,i,k) . 

Furthermore by symmetry of x 5*^ x /, we have : 
(6.7) 

HTVu^i,i^)iS^ xS^ X 1,(1,-1,1))^^^, =Hryj,^(„2)(Si x x /,(-l,l,l))._-,, 
(6.8) 

HTVu^i,i^){S^ xS^x /,(l,-l,-l))g_j, = HTVu^^,i^){S^ x x J, (-1, 1, -1))^ - , 
(6.9) 

for every c,c' G C'o'(i.-i)(Tsixsi)- Since the vector spaces V{S^ x S^,(l,— 1)) 
and V{S^ x 5*^, (—1,1)) are the same, the above equalities l|6.7p and l|6.8p give : 



X S\ (1, -1)) = Ht,,(.l2)(5l X S\ (-1, 1)) 
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PslxSl,(l,l) = (1)' 
^'slxSl,(l,-l) = (1)' 
^'slxSl,(-l,-l) = (1)' 



and the dimensions of the vector spaces are : 



dim(7^C/,(.[2)(5' x5\(l,-l))) = l, 
dmi{nug{Bl2)iS^ X S\ (-1, -1))) = 1 . 



For r = 4, we have the following idempotents : 



PsixSi,(i,i) - 4 



[ 3, 1 1 1 \ 
13-1-1 
1-13-1 

V 1 -1 -1 3 / 



PslxSl,(l,-l) 



1 
1 



PslxSl,(-l,-l) - 



1 
1 



The dimensions of the vector spaces are : 



dini(7^[/5(5[2)(5' x5'.(l.l))) = 3, 
dim(?^[,<,(„2)(5i x5\(l,-l))) = 2, 



For r = 5, we set A a primitive 10th root of unity such that is a primitive 
5th root of unity. For the sake of clarity, we denote by a the sum A + A-'^. This 



36 



JEROME PETIT 



notation is used in 



ng idempotents : 



2 + , 



1 


2 


1 


1 


1 


CT-3/2 




1 


3 


1 — CT 


1 — CT 


-CT-5/2 




1 


1 - a 


3 


1 - CT 


-CT-5/2 




1 


1 - a 


1 - CT 


3 


-CT-5/2 


\ 


^-3/2 




-CT-5/2 


-CT-5/2 


4ct - 3 


1 


2 


1 


1 


1 


CT-3/2 




1 


3 


1 - CT 


1 - CT 


-CT-5/2 




1 


1 - a 


3 


1 - CT 


-CT-5/2 




1 


1 - CT 


1 - CT 


3 


-CT-5/2 


\ 


^-3/2 




-CT-5/2 


-CT-5/2 


4ct - 3 


1 


2 


1 


1 


1 


CT-3/2 




1 


3 


1 - CT 


1 - CT 


-CT-5/2 




1 


1 - a 


3 


1 - CT 


-CT-5/2 




1 


1 - cr 


1 - CT 


3 


-CT-5/2 


\ 






-CT-5/2 


-CT-5/2 


4ct - 3 



PslxSl,(-l,-l) - 2 + CT 



The dimensions of the vector spaces are : 

dim(H[;^(„2)(Si x5\(l,l))) 
dim(H[;^(„2)(Si x5\(l,-l))) 
dim(H[;^(„2)(Si xS\(-l,-l))) 

For r = 6, we give one idempotent : 



PslxSl,(l,l) 



1 

12 



5 


3 


3 


3 


1 


1 


1 


1 


1 


1 


72 


\ 


3 


9 


-1 


-1 


3 


-1 


-1 


1 


1 


-1 


-72 




3 


-1 


9 


-1 


-1 


3 


-1 


-1 


1 


1 


-72 




3 


-1 


-1 


9 


-1 


-1 


3 


1 


-1 


1 


-72 




1 


3 


-1 


-1 


5 


1 


1 


-3 


-3 


1 


72 




1 


-1 


3 


-1 


1 


5 


1 


1 


-3 


-3 


72 




1 


-1 


-1 


3 


1 


1 


5 


-3 


1 


-3 


72 




1 


1 


-1 


1 


-3 


1 


-3 


9 


-1 


-1 


72 




1 


1 


1 


-1 


-3 


-3 


1 


-1 


9 


-1 


72 




1 


-1 


1 


1 


1 


-3 


-3 


-1 


-1 


9 


72 




%/2 


-72 




-72 


72 


72 


72 




72 


72 


10 


/ 



The dimensions of the vector spaces are : 

dim(Hy,(„2)(Si x5\(l,l))) = 7, 
dim(Hy,(„2)(Si x5\(l,-l))) = 6, 
dim(Hy,(„2)(5i x5\(-l,-l))) = 6, 

7. The twisted homological Turaev-Viro invariant 

We recall the construction of the homological twisted generalized Turaev-Viro 
invariant 1171. 
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Let C be a semisimple tensor category with braiding and M be a closed 3- 
manifold. We denote Hi{M, Aut,^{lc)) the first homology group of M with co- 
efficients in Aut^{lc)- Let h G Hi{M , Aut^{lc)) and a be a representative of h, 

G AuI^^Xq) is the coefficient of e in Aut®(lc)- For every scalar object X, cf(X) = 
a^fidx, with ol\ g k*. Let M be a closed 3-manifold and h G H\(M,Aut(^(\c)), the 
homological twisted Turaev-Viro invariant of (M, K) is the scalar : 

(7.1) Fc(M,fe) = A-"o(^) n "c(e)«'=W^-. 

ceCoiiT) eeri 

with no(r) the number of 0-simplexes of a triangulation T. The scalar Yc{M, h) does 
not depend on the choice of the triangulation of M and the representative of h. In 
[17] . Yetter prove that this scalar is an invariant for a semisimple tensor category 
with braiding. With some changes in the proof we can show that the invariant is 
well defined for spherical categories. 

Proposition 7.1. Let C be s spherical category, M be a closed 3-manifold and 
h (£ Hi{M,Aut^{lc)). The scalar Yc{M,h) = ^^"^^'^^ ^ J]^ a;;(g)WcM/c, wii/i 

c6Coi(T)eeTl 

a a representative of h, is an invariant of the pair {M,h). 

Proof : Let us show that for every spherical category C, Yq does not depend on 
the choice of a representative of h. First, the scalar «c(e) does not depend on 

the choice of the orientation of the 1-simplexes. Indeed for every 1-simplex e, we 
have : a"^ — (a'^)"^, with e the 1-simplex e endowed with the opposite orientation. 
According to the proposition 12.31 for every oriented 1-simplex (01), the monoidal 
automorphism a(Ol) is determined by a group morphism e^^^^ G Hom{Tc,k.*). The 
morphism e^^^^^ verifies the relation : e^"^) = (e^^"))"^ = e(^°). 

Let a and a' be two representative oih£ Hi{M,Aut^{lc)), there exists a 2-chain 
P= Y P^f, such that a' = a(5(/3), with 5 the boundary operator. If /3 = /3(°i2)(012) 

then we have : 

^'(01) ^ «(01)^(012) ^ 
^'(12)^„(12)^(012)^ 
^'(02) ^ ^(02)^(012) ^ 

a'^ — if e is not a subsimplex of (012) . 

Let e(°^^) G Hom{rc,k*) be the group morphism which defined the monoidal auto- 
morphism z?'"^^'' . 

If q' — aSp, with /3 — ^ P^ f, since for every scalar object X, /J^^^-* — {p'"^'^^^)^^ — 
e'^"^^^(X)idx, it follows for every coloring c G Col{T) : 

n = n "c(e) n n 

eeTl e6Tl eGTl / 

= n <ie) n ^^(i/ll)^^(l/2l)^^'(l/3l), 

where /i is the 1-simplex obtained from / by removing the 0-simplex i. We set 
/ = (012), we have : {\f\\)ef HhDeHlhl) = e/(ic(12)!)E/(ic(20)|)e/(|c(01)|) = 1, 
since e-'' G Ji'om(rc, k*). Thus for a spherical category C, Fc(A^)'i) does not depend 
on the choice of a representative of h. The proof of the independence on the choice 
of the triangulation is the same as the proof of Yetter [17] . We replace the cycle by 
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a trivial cycle since the region removed and replaced by the Pachner is contractible. 
Finally, the proofs of invariance under the Pachner moves is the same as the proof 
of the Turaev-Viro invariance under the Pachner moves. □ 

Theorem 7.2. Let C be a spherical category, M be 3-manifold. For every h e 
Hi{M,Aut^(lc)), we have : 

Yc{M,h)= J2 {h:x)HTVdM,x), 
with {h : x) — '^c(e)> " ^ representative of h and c e Colx{T). 

eGTl 

Proof : Let h e Hi{M,Autig{lc)) and a be a representative of h. For every 
coloring cq of Tq , we have : 

yc(M,a;,co) = (Ac)-"o(^) J2 E n "c(e)«'cl^c. 

2;e[M:Brc] ceColxiT) eeTl 

According to the proposition 12.31 for every 1-simplex e there exists a unique group 
morphism from Fc to k* such that for every scalar object X : ax = e^(|X|). 
Since a — ^ a'^e is a 1-chain, we have : 5a — ^ ^ (a'^)^^j = 0, the sign is given 

by the following rule : 5(01) =0—1. By definition of Colx{T), for every colorings 
c, c' G Colx{T) there exists a gauge S : ^ Fq such that |c'| = \cf , it follows : 

n <'ie)- n -c(e) n n ^^(^»)~^ 

eGTl eGTl iGTOeGTl^iGe 

the sign is given by the following relation : |c|*(01) = 5{0)\c\{01)S^^{l). Since a is a 
1-chain, we obtain : HeGTi '^c(e) ~ HcgtI '^c'(e)' Thus this product only depends 
on the homotopy class of x and does not depend on the choice of a representative 
of h. We set : {a ■ x) ^ Y\ "c(e)> for every coloring c e Colx{T) and it follows : 

eGTl 

Yc[M,a)= ^ [h:x)HTVc{M,x). □ 

xe[M,BTQ\ 



8. Tables 

8.1. Group categories. 



N 


a 


Manifold 


TV invariant 


HTV invariant 


2 


exp(2i7r/4) 


L(2p+l,g) 


1/2 


1/2 


L(2p,g) 


1/2(1 + (-1)0 


(l/2,(-l)P/2) 






L(3p + 2,g) 


1/3 


1/3 






L(3p+l,g) 


1/3 


1/3 


3 


exp(2i7r/9) 


L(3p,q) 


1/3(1 + 2exp(2i7rp/3)) 


(1/3, l/3exp(2i7rp/3), 
l/3exp(2j7rp/3)) if n = 1 mod 3 








1/3(1 + 2exp(4i7rp/3)) 


(1/3, l/3exp(4i7rp/3), 
l/3exp(4j7rp/3)) if n = 2 mod 3 
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L{4p + S,q) 


1/4 


1/4 






L(4p + 2,g) 


1/4(1 +exp(i7rp/2)) 


(1/4, l/4exp(i7rp/2)) 


A 

4: 




r (An 4- 1 


1 /4 


1 /4 
1/4 






L{4p,q) 


1 /d^^ 4- ^ PYnf'iVn/9'l'l 


Cl /4 1 /4 PYr>C7V«/9"> 

I /zl nvT-if^T'Tr'n /9^ 1 /A pv-r»/^7-7r'n /9^^ 
^ / ^ l_-X]Jl^ t H p 1 ^ f ^ LI ^ CXpi t /I p j \ 

if rj — 1 mnfi A 

II /t — 1 lllULl ^ 








1 /zin -I- PTT^t i'Trn 19^ 4- 9 (^■vrt( i'7rTi/9'^'^ 

J. / ^ 1 J. ^ C'Jj p\L H p 1 ^ I ^ CAp I tli p 1 Zi\ \ 


Cl /4 1 /4pvr>C— iir«/9"> 

l/4exp(i7rp/2), l/4exp(-i7rp/2)) 

IT T) — TYinH A. 
11 /t — O lliUU. ri 






L{5p + 4,q) 


1/5 


1/5 






L{5p + 3,q) 


1/5 


1/5 


5 


exp(2i7r/25) 


i^yop + z, q) 


1/0 


1 />! 
1/0 


J->{op -t i, q) 


1/0 


1/0 






L{5p, q) 


^ 4~ 9 p^r\{9i'Knl^ 4- 

2exp(-2i7rp/5)) 


exp(— 2i7rp/5), exp(2i7rp/5)) 








1/5(1 + 2exp(4i7rp/5) + 


(1/5, exp(— 4i7rp/5), exp(4i7rp/5), 

ci-vT^/ AiTrTi / ^ 1 f^vni wi'Trnr^ / ^ 1 1 it ti — ^ 

CAjji 'it /I ^ / J ? ^ " IT 1 ^ ) ) — 

mod 5 






L{6p + 5,q) 


1/6 


1/6 






i^yap + % q) 


i/O 


1 /fi 

i/O 


6 


exp(2i7r/36) 


L{6p + 3,q) 


T /fin 4- 9 e^-vnl A'>-jr(9rt 4- 1\ /fi\\ 


Cl /fi 1 /fi pYn/'4iVC9r» -1- 

iWfi'l 1 /fi PYr>C4i'-jrC9Ti 4- 1'i/fi'^'l if 
1^/D^, I/O expi^^ZTT^^Zp -f- V)jKS)) 11 

n = 1 or 4 mod 6 








1/6(1 + 2exp(-4i7r(2p+ l)/6)) 


(1/6, l/6exp(-4i7r(2p + 
l)/6),l/6exp(-4i7r(2p + l)/6)) 
if n = 2 or 5 mod 6 






T iRn 4- 9 n^ 

J^(op + z, q) 


1 /fin 4- f 

i/D^i + I, Ij j 


Cl /fi C /fi~\ 






L(6p+l,g) 


1/6 


1/6 






L(6p, q) 


1/6(1 + (-l)P + 2exp(2i7rp/6) + 
2exp(— 4i7rp/6)) 


(1/6, l/6exp(2i7rp/6), 

1/6 exp(— 4i7rp/6) , 

y — Lj /D, I/O exp^^ — ^ZTrpfOjj 

1 /fi (^"vrtl ^oirn /fill it ti — 1 tyi c\f\ 
± / \J KiJL\J\^o il JJ / U i J 11 11 — 1 lliUU. 

a 
u 








1 /fin -1- -1- 9 p-icn( — 9'i-7rn/fV\ 4- 
^ cjtpi ^fc /\ p/ \JI 


n /fi 1 /fi p-irn/' — 97^77 /fi'^ 

1 / fi dV 1 /i T TT" TI / fi 1 

J- / U t;XJJl^'4:i /i P / 'J J •, 

(—■] \P /fi 1 /fi ovT-iM'/TrT) /fi~^ 

1 / f 1 ( if — IT r 1 — 1 171 r» (" ({ 
_L / U -VJ. J 1 iL I n p \) J J ii //, — iiH^tl U 






L{7p + 6,q) 


1/7 


1/7 






L{7p + 5,q) 


1/7 


1/7 






L{7p + 1, q) 


17 


17 


7 


exp(2i7r/49) 


L{7p + 3,q) 


1/7 


1/7 






1j( ip + /, q) 










L{7p+l,q) 


1/7 


1/7 






L{7p,q) 


1/7(1 + 2cxp(2't7rp/7) + 
2 exp(4i7rp/7) + 2 exp(-6i7rp/7)) 


(l/7,l/7cxp(2i^p/7), 
l/7exp(-6i7rp/7), l/7exp(4i7rp/7), 
l/7exp(4i7rp/7), l/7exp(-6i7rp/7), 
1 17 PMrt(9i'K'n I7\\ if n — 1 9 nr 4 

1 / ( CXJJl ^6 /I ^ 1 1 I I 11 /fc — 1- ; ^ ^1 ^ 

mod 7 








1/7(1 + 2exp(-2i7rp/7) + 
2 exp(-4i7rp/7) + 2exp(6i7rp/7)) 


(1/7, l/7exp(-2i7rp/7), 

l/7cxp(-4i7rp/7), 1/7 cxp(6i7rp/7), 
l/7exp(6i7rp/7), l/7exp(-4i7rp/7), 
l/7exp(-2i7rp/7)) if n = 3, 5 or 6 
mod 7 



40 



JEROME PETIT 



N 


a 


MnnifnlH 


J_ V ill VcLl iCLllL 


±1. _L V ill VcLl ICLllL 


8 


cxp(2i7r/64) 


1j(6P + I ,q) 






L{8p + 6, q) 


1/8 


1/8 


L{8p + 5,q) 


1/8 


1/8 


L{8p + 4, q) 


(-1)78 


(l/8,-l/8,(-l)f/8) 


L{8p + 3,q) 






L{8p + 2,q) 





(1/8,-1/8) 


L(8p+l,q) 


1/8 


1/8 


L{8p,q) 


l/4((-l)P + 2exp(i7rp/4)) 


(l/8,l/8exp(i7r/4),(-l)f/8, 

(-1)^/8, 1/8 exp(i7rp/4) if n = 1 
mod 8 


l/4((-l)P + 2exp(3i7rp/4)) 


(1/8, l/8exp(3z7r/4), (-1)^^/8, 

1/8 Gxp(327rp/4),-l/8, l/8cxp(3i7rp/4 

( 1 /8 1 /Si ovT^/'^'j'n-'n /A^l if n ^ 

— L) / 1/ o GXipyolTvp/ LL n — o 
IIIUU. o 


1 /d((—^'\P -1- 9pYr)C— 3?Vt>/4">"> 


1. / "-?^p I 00 11 p/ '-tj ^ 

J- / tJAp I oi/ip/rkj^y ±J /O5 

1 /S dYT^r '^I'Tm /A^ IT n — ^ mnH 

j-/ot;Api oi/ip/rtj 11 — (J iiiuu. 

S 




9 


cxp(2i7r/81) 


^-/yyP o, q) 


1 /Q 


1 /Q 
i/y 


-L(yp + 1 ,q) 


1 /q 
i/y 


i/y 


L{9p + 6, q) 


1/9 


1/9 


L{9p + 5,q) 


1/9 


1/9 


L{9p + 4, q) 


1/9 


1/9 


L{9p + 3, q) 


/Q 
o/ y 


^i/y, i/y, i/yj 


L{9p + 2,q) 


1/9 


1/9 


L(9p+l,q) 


1/9 


1/9 


L{9p,q) 


1/9(3 + 2exp(2i7rp/9) + 
2 exp(8i7rp/9) + exp(4i7rp/9) + 

tJXpi — ^tT\ p 1 <J ) ) 


(1/9, l/9exp(2i7rp/9), l/9exp(8i7rp/9) 
l/9exp(4i7rp/9), l/9exp(— 4i7rp/9), 

1/ y , / y cxp^^z t /i p 1 .) j . 1 / y cxpi otTT/// y i , 

1/9) if n = 1 mod 9 


1/9(3 + 2exp(4i7rp/9) + 

2cxp(-4i7rp/9) + exp(8i7rp/9) + 
exp(— 8i7rp/9)) 


(1/9, l/9exp(4z7rp/9), 

1/9 cxp(-4't7rp/9), 1/9 cxp(8i7rp/9), 
l/9exp(-8i7rp/9), 1/9, 

± / y xix.yj\^m p 1 , -'-/ '^■^Pl — ^tii p i y i , 

1/9) if n = 2 mod 9 


1/9(3 + 2exp(8i7rp/9) + 
2exp(2i7rp/9) + 2exp(-4i7rp/9)) 


(1/9, l/9exp(8i7rp/9), 
l/9exp(2i7rp/9), l/9exp(-4i7rp/9), 

1/9 exp(8i7rp/9), 1/9, 1/9 exp(2j7rp/9), 
1 /Q OYT-il' — 4';7rr)/Q'l 1 /Ql if rt — 4 nr 7 

mod 9 


1/9(3 + 2cxp(4't7rp/9) + 
2exp(-2i7rp/9) + 2 exp(-8i7rp/9)) 


(1/9, l/9cxp(4i7rp/9), 
l/9exp(-2i7rp/9), l/9exp(-8i7rp/9), 
1/9, l/9exp(4i7rp/9), l/9exp(-2i7rp/9 
l/9exp(-8z7rp/9), 1/9) if n = 5 or 8 
mod 9 
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